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PREFACE TO THE FIRST GERMAN 
EDITION 


Tiiio jirosoiit book, wliich constitutoa tlio third volinno 
of my introduction to theoretical physioa, discusses olootrio 
and niagnotio plionomena. It is obvious that in this case, 
too, it was quite impossiblo, in view of tho onorinous 
amount of empirical material involved, whicli is still 
steadily on tho increase, to achieve any degree of oom- 
plotoness in tho treatment. It was tho moro important 
therefore to stress in our general survey tho logical 
soquonoe of those linos of thought on which tho system 
of olootromagnotio theorems is founded, in order that tho 
reader might find no dilfioulty in fitting into tho soliomo 
of tho different kinds of phenomenon hero doaoribod any 
ease which is not aotually treated, and that ho might bo 
enabled to gain aooosa to any special litoraturo that ho 
miglit require to consult. 

But tho nooosaary uniformity and oomplotonoss of auch 
an account can bo aohiovod, it sooms, only by using a 
prodominatingly doduotivo form of treatment. I have 
therefore ohoson two methods hero, precisely as in the 
case of meohanios, although at the same time X have 
endeavoured to dosoribe tho concepts and theorems, tliat 
are introduced, as graphically as possible by disouasing 
special examples derived from daily oxporionoo. It is 
in harmony with tho method followed in meohanios that 
hero, in introducing oleotrodynamios, we start oufovory- 
whoro by assuming matter uniformly distributed in space 
and hence use as our basis tho so-oalled classical theory 
which was founded by Maxwell and perfootod by Horfcx ; 
we do not, of course, omit to refer to tho charaotoristio 
limits within whioh this theory is valid. 

Since among all tlio laws of physios none is so universal 
and so easy to grasp as tho Prmoiplo of Consorvation of 
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Energy, I lia-ve again iDlaced it in the forefront of dis- 
cussion ; this loads to tlio further advantage that we are 
led to introduce quite naturally the different electric and 
magnetic systems of moasuremont, all of which are based 
on tlie energy princi]de. In the interests of cloarnoss of 
exposition wo have also ompliasizod the formal analysis 
between the electric and the magnetic vector, although 
it is rather external in character and results essentially, 
like the analogy between translation and rotation, from 
the circumstance, which is in a certain sense accidental, 
that our space happens to have throe dimensions. But 
just as it is a fact, that this analogy played an outstanding 
part in the historical development of iMaxwolTs theory, 
so wo cannot deny that oven at the present time it is 
still very convenient for introducing the theory and at 
any rate is a useful aid to memory. This is also the 
reason wliy I have used throughout the Gaussian systoin 
of moasuromont, which is distinguished from the rational 
systems of moasuromont usod in tho litoraturo of tho 
theory by being more closely related to tho ])raotioal 
system of moasuromont. A table oomparing tho iiumori- 
oal values for several quantities in the difEoront systems 
of moasuromont is given at tho ond of tho book, and also 
an index to all tho definitions and tho most important 
theorems. 

It was found possible to abbreviate tho account oon- 
sidorably by referring to well-lmown theoroms in 
mechanics, wliioh have boon derived in one of tho two 
preceding volumes of tho present series. Thus I, (132) 
denotes equation (132) of the first volume (General 
Moohauios); II, §16 refers to section 16 of tho soooncl 
volume (Moolianios of Doformablo Bodies). Any roador 
who is to any extent conversant with tho principles of 
moohanios will not, of oourso, nood to inako use of these 
references . 

M. PjjANOlC. 

Berlin, Orunevfald, 

March, 1922. 



PEEFACE TO TFIE SECOND 
EDITION 


Tirw arrangomont of tlio book, as well as tho soloction 
and distribution of tbo matorial troatod, .has roniainod 
unohangod in this now edition. I am fully conscious, 
liowovor, of tho ono-sidod oharaotor of this account of 
tho subject, since in it I have by no moans ovorywhoro 
usod tho notation and formulation which aro simplest 
and most oonvoniont. But I do not bolievo that this 
can bo regarded as a serious roproaoli. For in viow of 
tho manifold natiiro of tho phonomona which aro troatod 
In tho tliobry of olootrioity and magnotism, tlio practical 
roquiromonts in tho various fields aro q_uito difforont, as 
is already shown by tho oiroumstanoo that in olootro- 
statios wo find it bottor to iiso a diiforont systoin of 
inoasuromont from that usod in olootrodynamios. But, 
in my ojfinion, in giving a systomatio intioduotlon to tho 
subjoot tho q^uostion of oonvonionoo of notation must 
give way to tlio domand that all tho oonoopts and thooroms 
that aro ostablishod must bo built ui) on a singlo uniform 
foundation. Onco this relationship has boon oloai’ly 
rooognizod it will roq^uiro oomi>arativoly littlo effort lator, 
in working out a spooial problem, to introduoo tho sim- 
plifications that aro adapted to tho particular caso, such 
as, for oxamplo, tho omission of tho factor 't tt or of tho 
factor 0, or tho oxohanging of tho linos of induction for 
tho linos of foroo, and so forth. li’cr thoro is no torinin- 
ology which is most oonvoniont for all oasos ; this is a 
oiroumstanoo which wo aro bound to accept, as it lies 
in tho nature of tho subjoot-mattor. On tho othor hand, 
tlio recognition of this oiroumstanoo onablos us to work 
out tho oonoopts far more thoroughly than oan bo done 
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INTRODUCTION 


§ 1. In addition to tlio mechanical processes or motions 
of material points there are the electrical and magnetio 
oi' electro-dynamic plmnomona which form an equally 
uniform whole, but are definitely distinct from them. 
3>IorGover, tliese two regions completely cover tlio whole 
jfield of lohysics, for all the other pai'ts, acoustics, optics and 
Jaoat, can bo traced back to mechanics and olootro- 
clynamics. On tlio other hand, tlie complete fusion of the 
last two groups of phonomona, which would appear to bo 
tho ultimate goal of physics, is as yet reserved for the 
futuro, 

Novortheloss, there are oven now a number of bridges 
■which load from tho one region to tho otlier. Tlio first 
find, most important of those is tho 'PHncipU of the Con- 
servation of Energy (I, § 49), to which wo shall thoroforo 
give priority of position. This principle taken alone 
does not, of course, give us a sufiiciont hold to link up with 
it a doflnito theory of electricity. Ratlior, in tho course 
of time several theories, all of which rest on tho energy 
priiioij)le, have competed with each otlior. Tlio charaoter- 
istic feature of the theory which is presented in this book 
and which was founded by Maxwell is given by a second 
fundamental idea : that of the Principle of Gontiguoxia 
Action (Action by Contact). According to this jirinciplo 
there is no such thing in nature as a causal action at a 
distance or across space ; that is, it is impossible for tho 
action of a local event to malco itself felt at a more or less 
distant place by jumping across the intervening bodies. 
"Bather, every causal action propagates itself from |)oint 

1 B 
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to point with a finite velocity through S23aco. Erom this 
it follows that everything which happens at a certain 2 )laoo 
at a certain time is completely and uniquely defined l;)y 
the events which have occurred immediately 2 >receding it 
in the immediate neighbourhood of the iDlaco. 

Since this proposition essentially rostriots the |)os8iblo 
ways in which physical causes can take elleeb, the principles 
of action at a distance and of contiguous action (“ far ” 
action and “ near ” action) are by no means to be rogavdod 
as co-ordinated; rather, the principle of action at ii 
distance is of a more general nature, whereas that of 
contiguous action is rather more special. It is owing 
to this that there have been several dillorent theories of 
action at a distance in electrodynamics, but only ono of 
contiguous action— namely, that of Maxwell. This 
theory, then, owes its sovereign position over all others 
not to its greater “correctness,” but rather to it» 
greater definiteness and simplicity. Eor it states that 
when we wish to make calculations about events at ti 


certain place we need not, in principle, tolse nooount of 
what occurs at another place which is at a finite distanoo 
away, but need only restrict ourselves to a consideration 
of the events that occur in the immediate vicinity. If 
we admit the principle of action at a distance, on tho 
other hand, we are, strictly spealdng, oompellod to search 
throughout the whole imivorse to see whether the events 
to be calculated are not influenced directly to an appre- 
ciable extent by an event at some other place. 

This, again, confirms the statement that the move 
special a theory is. and not the more general, the more 
definite are the answers which it gives to all fundamental 
questions and the more it will fulfil its in-oper task, which 
surely consists in maldng an imamhigtioua assertion about 
the phenomena that are expected to occur. This is a 
pomt which is unfortunately often overlooked in theoretic al 
speculations The fewer the undetermined constants tiiah 
a theory oontams the more it achieves. 

If m the following developments we are then com- 
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pelled by our principle to renounce every idea of a direct 
action at a distance, tins need not hinder us on later 
occasions from finding it useful and convenient to state a 
result that has been Anally arrived at in a form which is 
borrowed from the idea of a direct action at a distance. 
Rut this does not mean that wo are contradicting the 
Pidnciplo of Contiguous Action. Dor example, w.o spealc 
of the rising and the sotting sun, but we do not by so 
doing imply that the sun revolves around the earth. [L'n 
tho same way we shall in the sequel permit ourselves to 
speak of an electrically charged body attracting or 
rop oiling another charged body, or a galvanic current 
deflecting a compass needle, on the tacit understanding 
that this easily pictured action represents the final result 
of a great number of comiilicatod processes which take 
place in tho space between the bodies in question. 




PART ONE 


GENERAL EQUA'PIONS OE THE ELEOTEOMAGNETIC 
EIELD IN STATIONARY BODIES 
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CHAPTER I 


ELECTRIC AND MAGNETIC INTENSITY 
OF FIELD 

§ 2. Iiraroclof sealing-wax or ebonitoisvigorouslyrubbecl 
with a cat’s skin, tlio rod acquires tho property of attract- 
ing to itself small and light bodies such as paper-clippings 
or pith-balls. To exploit this experimental fact scientifi- 
cally, wo do not imagine tho rubbed rod to exert an 
attractive force on, tho small bodies, but start out from 
tho point of view of the theory of oontiguous action and 
say that tho rubbed rod first produces in the air surround- 
ing it an eUolmal field which is characterized at each of 
its points by certain local properties, and this electric 
field exerts on every body situated in it a force which 
depends only on tho properties of the field at tho particular 
point where tho body happens to bo situated. With this 
view we need no longer trouble about how this field has 
como about or how it boliavos at other points. Electric 
holds can bo produced in very different ways in all sub- 
stances, including liquids and solids ; for this reason every 
substance is to bo regarded as a “ dielectric.” At the 
same time, olectrio fields in difforont substances often 
exhibit very different properties, particularly with regard 
to variation in time. 

Tho main question is now this: What quantities 
oharacterizo an electric field at a point when it has been 
produced in some way by a body ? To answer this ques- 
tion we take a small, appropriately prepared “ test- 
body,” say a pith-ball hanging by a thin silli: thread which 
has previously been brought into contact with a rubbed 
rod of ebonite or with the cat’s skin used in tho rubbing. 

7 
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We then bring this ball to the point of the field in question 
and moasLire the mechanical force exerted on it. When 
■\Ye liavG ill this way tested the whole field by carrying out 
this measnrenieiit at all points, we regard the field as fully 
Itiiown and defined, If the force at all points of the field 
is the same, the field is called “ homogeneous.” But in 
general it will vary from point to point in magnitude and 
direction. Since force is represented hy a vector, wo also 
characterize the electric field at eacli of its points by 
moans of a vector, which we call the electric “ intensity of 
field ” E. But we must bear in mind that the mechanical 
force that is measured depends not only on the nature of 
the field, but also on the nature of the test-body that is 
used — hoth as regards magnitude and direction. Eor 
the force is the greater the more strongly the ohonite rod 
whioh has touched the pith-ball has boon rubbed ; and, 
also, tlio force acts in two exactly opposite diroobioiis, 
according as the test-body has been brought into oontaot 
with the rod or the oat’s skin. 

It has boon agreed to regard as the dirootioii of IS that 
in whioh the force acts when the test-body has been in 
oontaot with the oat’s skin. (It may be remarked inoi- 
doiitally that the 'Opposite convention would have boon 
more oonvoiiiont.) 

It is not so easy to define the absolute value (JB) of the 
electric intensity of field. To airivo at it wo start out 
from the concept of the energy of the field. The con- 
clusion that an electric field contains a certain supply of 
energy emerges from the fact that the field can set a body 
into motion. For according to the universal princixjlo 
of the conservation of energy, the vis viva of the motion 
can bo supxfiiod only by the elootrical energy of the field ; 
just as the motions of an elastic body are furnished hy the 
energy of deformation. The ratio of the electrical energy 
contained in an infinitely small part of the field to tlio 
volume of this of the field is called the “ electrical 
energy-density ” of the field. This is a quantity which 
can be ex^Dressed in mechanical measure and is positive 
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if wo set the energy of the electrically iientral field equal 
to zero. Wo link up with it the definition of the absolute 
value of the electric intensity of field by sotting the 
electrical energy density proportional to the square of 
the electrical intensity of field and to a positive factor 
of proportionality e, the “ dielectric constant ”, which wo 
shall define later {§ 7), only remarking hero that it depends 
on the material constitution of the medium (for example, 
air) . 

It would bo simplest to set the energy-density equal to 
I • Tills is done in the so-called rational systems of 

A 

measurement which are particularly used in theoretical 
physios. Owing to the historical course of dovelopment 
of the theory of electricity, however, it has come about 
that in the units which have been introduced in practice 
the olootrioal density of energy is given the value : 


and siiioo experimental and technical physics, is still 
founded on these units, wo shall also uso them hero, '.(.’ho 
particular advantages they offer will, however, only appear 
later (end of § 41). 

The magnitude and direction of the eleotrio intensity 
E also determine the components Ex, Ey, Ei of this vector 
with respect to a rectangular right-handed oo-ordinato 
system. Hence the total oiiorgy of any arbitrary eleotrio 
field in a homogeneous body of dielectric constant e is : 

I driEx^ -1~ Ey^ -H E,^) .... (2) 

whore dr denotes the element of volume of the body. 

§ 3. The magneliG field is analogous to tlio eleotrio field, 
although clilTorent in its nature. Magnetic fields may also 
be produced in many different ways. But wo shall not 
for the present enquire into those ways, but rather into 
the characteristic properties of any given magnetic field, 
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and WD shall use as a tesfc-body to probe the field a small 
maguetio needle which can be freely rotated about its 
centre of gravity. The meohanical turning momout 
exerted by the field on the magnetic needle then gives us 
a means of determining the “ magnetic field-strength II. 
If this turning moment is ovorywhero the same, the 
magnetic field is called “ homogeneous.” In the general 
case we define the dheotion of the vector as that into Avhich 
the testing needle adjusts itself, the dhection being talcon 
from the south to the north polo. Hence, for example, 
the direction of the magnetic field at the surface of tho 
earth almost coincides with the dhection of tho geo- 
graphical north. 

Tho absolute value of the magnetic intensity of field II 
cannot bo determined by the magnitude of the mechanical 
turning moment exerted on tho testing needle, since this 
depends on the nature of the neocllo. We therofoto 
define it in terms of the energy of tho field by setting this 
energy equal to ; 



whore /x, the magiiobio permeability ” of the substanoo, 
stands for a factor of proportionality whioh is to bo 
defined later. • 

The magnitude and the direction of tho magnetic 
intensity of field also fix the components IT*, Hy, lit of tho 
vector with respect to a rectangular right-handed co- 
ordinate system. The total energy of any magnetio field 
in a body of constant permeability /x is accordingly : 

^fdT(H,^-hirv^ + Ht^) ... (4) 

In general, a field exerts both electrical and magnetic 
action simultaneously. We therefore call tho field 
eUoiromagnetio. The eleotromagnetio state at any point 
of the field is oharaoterized by the two vectors B and JI, 
whioh are for the present completely independent of each 
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ofclior. Til© total energy of the elootromagnetio field is 
also determined by them — namely, by the sum of the 
oxiirossions (2) and (4). In this sense the whole universe 
forms a single electromagnotio field, and all tho eleotrio 
and magnetio processes are nothing more than changes in 
this field. Tho general object of the theory then ulti- 
mately resolves itself into calculating the time changes 
of the eleotrio and magnetic intensities of tho field at all 
points of space, when they are given for some particular 
moment of time. Since the two veotois E and TI contain 
six quantities which are independent of one another, six 
equations are required to calculate their changes in time. 
Wo shall establish these six dilferential equations, which 
form the nuoleus of Maxwell’s tlicory, in the next chapter. 



CHAPTER II 

LAWS OF THE ELECTROMAGNETIC FIELD 

§ 4. It is obvious that the cliEereiitial oquations of tiio 
elGctromagnetio field cannot bo obtained by purely 
deductive raetliods. But they emerge in a comparatively 
simple form if we start out from a postulate which tlieae 
equations must satisfy from the very outset. 'I'liiH 
postulate is that they must satisfy, first, the priiuuplo 
of the conservation of energy j secondly, the priiuuplo (if 
contiguous action. Lot us consider any arbitrary portion 
of a homogeneous body whioli is pormanoiitly at rest imd 
in. whioh there is an eleotromagnotio field. According to 
thepruioiple of conservation of energy, the elootroinagiiatic! 
energy of this part of the body can become ohangod only 
if there is an exchange of energy with outside bodies or a 
transformation of the energy in the iiitoidor into other 
forms of enei’gy. We shall first consider the forJiior 
process — that is, the reception of energy from tho silt" 
roundings or the transference of energy to the siiri'ound' 
ings. According to tho principle of contiguous action, 
tho eleotromagiietio energy can under no oircumstaiutoH 
pass abruptly from any place in the surroundings to any 
place in the ulterior of tho field under consideration ; 
rather it oan enter only by flowmg continuously from tlio 
outside through the surface into the interior of tho spac (5 
in question. Thus the exchange of energy with tlio 
suri'oundings is regulated by a flux of energy, analogous 
to the flow of a fluid, through the surface of the oncloHcd 
space, and this flow of electromagnetic energy is com- 
pletely determined at every point by the eleotromagnotio 
state at that point — that is, by the values of E and II at 

12 
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tlio point ill question. The amount of energy which flows 
(luring the element of time dt through the element of 
surface da in the direction of the normal v will bo pro- 
portional to da and dt, so that we set it equal to : 

Sv>da ,dt (6) 

and wo call the finite quantity Sv ijhe component of the 
energy fiux in tlie direction v. It can then easily be 
proved that S is a vector. For if wo apply the principle 
of the conservation of energy to an infinitely small tetra- 
hedron in which three of the faces arc taken respectively 
parallel to the three co-ordinate planes, so that the inner 
normals coincide with the positive directions of the 
co-ordinates x, y, z, whereas the fourth face has for its 
inner normal the direction v (exactly as in II, § 17), then 
the total amount of energy which flows from without during 
the time dt through the surface into the tetrahedron is, 

by (6) : 

(Sadc* + S]^ay H- Stdofz -H 8A^)di . • (C) 

where the areas of the faces are \ 

dax ^ ~ da . ooa (va;), day = — da , oos {vy) . (7) 

dat = — da . oos (vis) 

According to the energy principle the expression (6) gives 
the change that occurs during the time dt in the total energy 
contained in the tetrahedron. But since this total energy 
is at any rate proportional to the volume of the tetra- 
hedron and hence is of the third order of infinitely small 
quantities with respect to the space dimensions, whereas 
every member of the sum in (6) is of the second order of 
infinitely small quantities, it follows that the quantity (0) 
vanishes, or, in view of (7), wo get : 

S, = Sx cos {ux) 'h Sy COS {vlj) -h Sz COS (vg) . (8) 

That is, by I (40) the quantity S„ is tlio component in 
the direction of the vector S which is defined by the 
components Sx, Sy, S» in the directions of the co-ordinato 
axes. By the theory of contiguous action this vootor 8, 



14 


ELECTRICITY AND MAGNETISM 


OHAr. 


the vector of the flux of electromagnetic energy t is clotorminocl 
at every point of the field by the values of the two vectora 
E and H at the point in question. 

§ 5. The manner in which the energy flux S' depends on 
the field-strengths E and H must be deduced from oxj>ori- 
ence. It has been shown to bo regulated by a very simple 
law which we take as our main pillar in building up the 
electromagnetic field equations, since it is the most com- 
prehensive and exhaustive expression of all the GXjoeri- 
mental results gathered in this sphere. Tliis law is 
Poynting’s Law of Energy Elux, which states that S is 
proportional to the vector product (I, § 87) of E and //, 
that is : 

(») 


or, what comes to the same thing : 




0 


0 


^ [EyB, ~ Eaiy), Si, - ~ (M, ~ JE*//,) . . (10) 

where 0 is a certain factor of proportionality, wlioso valvio 
is dependent on the ohoioo of the units for E and H, 
Although these relations have the disadvantage that 
we cannot easily visualize them piotorially, this is moro 
than counterbalanced by the fact that from them, as wo 
shall see later, definite quantitative laws can bo dorivocl 
for all electric and magnetic processes in a simple maunor 
mthout introducing any particular experimental results. 

§ 6. On the basis of the conventions so far made, wo aro 
now m a position to decide finally what units are to bo 
used 111 the sequel. Let us first epitomize the defiiiitions 
that we have set up by fixing our attention on a given 
electromagnetic field in a given medium. At every point 
of tins field we have a definite density of eleotrioaf energy 
G), a definite density of magnetic energy (3) and a dofinito 

nf are three quantities whioh, 

although only mdirectly measurable, can be expressed 
quite defimtely m meohanioal measure. Besides the two 
variable field-strengths E and // they also contain the 
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three constants of proportionality e, ft and, C, concerning 
whose value wo liavo not yet made a decision. From this 
it follows tliat of these three constants two can and, in 
fact, must bo arbitrarily fixed in order that the two field- 
strengths jE and II and the third constant may be com- 
pletely defined by the throe energy expressions. I’his 
liolds for each medium individually, for the dofinitionban 
bo made for each independently of the other media. 

With regard to the conditions in the dillerent Itinda of 
media, it has been found expedient to assume the factor of 
proportionality C of the energy flux to have the same value 
in all the different media. The advantage of this con- 
vention is seen immediately in the simple form which the 
boundary conditions assume at the surface of separation 
of two media of different kinds. For if wo consider a 
surface-element da of such a surface of separation and take 
the a-axis in one of the dirootions normal to do-, then, by 
(6), the onorgy-prlnoiple requires that the »-oomponont 
of the energy flux St shall have tlie same value on both 
sides of the surface of separation. For othorwiso energy 
would aooumulato in the surface-element da and would 
pass into nothingness, or would arlso out of nothingness. 
Thus St S't or, by (10), since wo liavo O' « C? by our 
convention, wo got : 

EJIe ~ IHylh = HxMy. - ISylh 

whore the accent distinguishes tlio quantities for tho other 
medium. 

But since the components of tho electric and tho 
magnotic field-strength are completely independent of 
each other in every medium, this equation is generally 
satisfied only if : 

JSx ~ , JSy ISy , JIx ” Jlx ' , Ily Jly 

always, or, more briefly, it r stands for any direction 
which is tangential to the surface of separation, if \ 

Er=^lSr>Hr^nr ( 11 ) 

Honco wo can combine tho general boundary conditions 
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at tliD surface of separation, of two different media in the 
one law : tlie tangential components of the electric and the 
magnetic intensities are contimtous. 

§ 7. According to the result just obtained, the electric 
and the magnetic flold-strength are defined for media of 
every kind when they are defined for a single medium. 
Eor since the direction of the resultant field-strength is 
already completely fixed from the beginning, the niagni-! 
tude of the normal component is known- if the magnitude 
of the tangential conij)onent is given. .Hence to comifiote 
the definitions it only remains for us to fix arbitrarily two 
of the constants of proxjortionality e, /x, G for a single 
medium which is to be arbitrarily chosen as the body of 
reference. Wo choose as this medium of referonoo the 
so-called absolute vacuum, which is also called the “ iniro 
other.” Actually there is no absolute vacuum in nature. 
Eor oven the medium which approximates to it most 
closely — namely, intor-stollar space — certainly contains 
traces of ponderable matter in all parts of it. But it is 
one of the most important facts of olootrodynamioB, and 
one whloli has reeoivod support by oxporimonts of the most 
varied Idnd, that the eleoH’omagnotio properties of a space 
which is poor in matter approach a limit which can bo 
clearly specified and which is quite independent of tlio 
oonstibiition of the remaining matter in the space, 
when it is further evacuated. The medium to which 
these limiting properties tend is called the absolute 
vacuum . 

Wo denote the dieleotric constant of the vacuum by 
cq, its i^o- constant G can bo loft 

without an index^ since it is the same for all media. T'wo 
of these three constants are to bo fixed arbitrarily. Wo 
shall therefore set them equal to 1. This then also fixes 
the third constant. According to the way in which the 
remaining ohoioo is made, we airive at the three different 
classical electromagnetic systems of measurement. 

1. In the Gaussian system eo ~ 1 and /xq = 1. This 
makes O assume a certain definite value c, which, as u’O 
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shall shortly see, can bo measured in various ivaya. The 
constant c is not a pure number. We find its dimensions 
by reflecting that, since in the Gaussian system of units 
gfl and /Iq are pure numbers, tlie electric and the magnetic 
intensities of field liavo, by (1) and (3), tlie dimensions : 

Venergy-denaiby = . . (12) 

Now since by (5) energy-llux lias the dimensions 
it follows from (9) or (10) that the constant c has the 
dimensions [LT"’-]. Tims o has the dimensions of a 
velocity ; that is, if we change the units of mass, lengtli 
and time tlie numerical value of c alters in such a way that 
it always denotes the same velocity. This definite value 
of the velocity is called the critical velocity. Wo shall get 
to know its numerical value when wo diaouss the first 
method of measurement (§ 00). 

2. In Maxwell's elecWostalio system of units e'o “ 1 

G' = 1. The oleotrio intensity of hold thus again aeq^uires 
the dimensions (12), whereas the magnetic intensity of 
field, which must now ho oalonlated from the onergy-flux 
(0), acquires the dimensions : 

(13) 

so that the magnotie permeability Hq has the dimensions 
[Ir^T^] by (3) ; that is, its dimensions are the reciprocal of 
tlie square of a velocity. 

3. In Maxwell's electromarjiielie system of units /x"o — 1 
and G" == 1. The electric and the magnotie intensities 
now reverse their roles. The electric intensity of field 
assumes the dimensions (13), while the magnetic intensity 
is rei>resented by (12). The diolootric constant ef 
is represented by the square of the reciprocal of a 
velocity. 

To And the quantitative relationships between the 
numerical values of a definite physical quantity in the 
difforoiit systems of measuromonb, we imagine a definite 
olootromagnetio field in the vacuum and write down the 

expressions for the values of tho energy in the three 

o 
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systems, wMch we again distinguisli by moans of accents. 
By (1) -we have for the density of electrical energy : 

= e'oE'2 = (Ida) 

for the density of magnetic energy, by (3) : 

11 ^ 11 ^ = = 

and for the energy-flnx, by (9) : 

Oeh = O'E'jr = G''E"n" . . . { 14c) 

Here we have made use of the fact that the dii/ections of 
the three vectors E, II, s are the same in the tlireo systems 
of measurement. 

If we substitute in these six equations the values given 
above for the individual constants, siini)lo oaloulatioii 
gives the relations : 

= .... (ID) 

. . . ( 10 ) 

in which the differences in the numerical values for tho 
different systems of measurement arc all reduced to torma 
of the critical velocity o. But the equations (10) hold not 
only for a vacuum but, on account of tho boundary con- 
ditions (11), also for any arbitrary medium. Prom this it 
follows that if we apply the equations (14) to any arbitrary 
medium : 

e = , iM = cV = . . . (17) 

Since all the concepts that are used in electrodynamics aro 
to be derived from those of the intensity of field and of blio 
constants e and /x, the equations (16) and (17) give us tho 
key to understanding the relationships between tho 
different systems of measurement. 

In addition to the three classical absolute systems of 
measurement, we also have the practical system of measure- 
ment which links up closely with Maxwell’s eleotromagnobio 
system and is distinguished from it only in having its 
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number values multiplied for practical reasons by powers 
of ten. We shall revert to this point later. 

In theoretical physics wo often find Lorentz’s rational 
syst&m of units in use. This is characterized by the fact 
that, as already mentioned above, the factor 47r is missing 
in tile denominator in the expressions (1), (3), (9) for the 
onorgy-donsity and the energy-flux, whereas the dielectric 
constant and the magnetic permeability are defined 
exactly as in the Gaussian system. If we denote tlio 
quantities measured in Lorentz’s rational system by a 
horizontal bar, then : 

6 — e, /X = ^ (18) 

and hence, if as in (LI) wo write down the energy-expres- 
sions in the Gaussian and tlio Lorentz system, wo have : 




= JS) 



( 10 ) 


A table of the relations whioh hold between the values 
of the most important elootrioal and magnetic q^uantities 
when measured in difEoront systems of units is given at the 
ond of the book. To avoid confusion we shall exclusively 
use Gauss’s system in the present volume. 

The fact that when a definite physical quantity is 
measured in two different systems of units it has not only 
different numerical values, but also different dimensions 
has often been intci,*preted as an inconsistency that 
demands ox]Dlanation, and has given rise to the question 
of the " real ” dimensions of a physical quantity. After the 
above discussion it is clear that this question has no more 
sense than inquiring into the “real ” name of an object 
(of. I, § 28). 

§ 8. Wo now discuss the second of the two causes 
mentioned in § 4 whioh may account for a change in the 
elootromagnotic energy contained in a body — namely, 
its transformation into other forma of energy. In this 
case, too, all that is known can bo compressed into a single 
sentence : in every medium electrical energy is constantly 
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being transformed into beat ; the energy which in the time 
cU and in the element of volume dr becomes transformed 
into heat is proportional to tlio momentary local eloctrioal 
energy-density : 

dt .dr-^'E^. const. 

OTT 

This quantity of energy is called its “ Joule heat ” and 
the process can be pictured to some extent by its analogy 
with the transformation of elastic energy into heat, such 
as occurs in a deformed incompletely elastic body when tho 
elastic forces of tension gradually subside. 

A simple dimensional calculation shows that tho con- 
stant of proportionahty which occurs in tho last expression 
and which is dependent on the nature of tho inodhnn 
represents the reciprocal of a time : hence wo denote it 
2 ’ 
by The equivalent Joule lueat is then : 

dt >dr • = dt , dr . K , . . ( 20 ) 

whoi'e wo have used the abbreviation : 



( 21 ) 


The greater the value of T tho longer it takes to use up 
the electrical energy. Hence T is also called the “ time of 
relaxation” of the medium: Eor metals 2’ is oxtromoly 
small, but for gases it is very gi’eat, and for tho absoluto 
vacuum it is infinitely great ; that is, electrical energy can. 
inamtain itself for an infinite time in a vacuum just as 
elastic stresses can persist for an infinite time in a com- 
pletely elastic body. 

There is no process analogous to relaxation in tho case 
of magnetic energy. 

§ 9. We are now sufficiently prepared to follow out tho 
line of reasoning mdioated in § 4 and to obtain the general 
equations of the electromagnetic equations by applying 
the energy-principle. The change which occurs during 
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tliG olonient of time lU in tlio electromagnotic energy 
containod in any part of a liomogoncous body is, by (2) 
and (4) : 


T’hia chango is duo in tho first place to bho energy (b) 
which flows in tho same time from without through tho 
surface into the space occupied by tho body : its total 
value is : 

cU.fda.S (23) 


and secondly by tho simultaneous generation of heat (20) 
which amounts to : 

cU . j clricE'^ (24) 


And the expression (22) is equal to tho expression. (28) 
minus the expression (24). 

If wo next transform tho surface integral (28) into a 
space integral by applying (8) in acoordanco with II, 78, 
wo get : 




(25) 


If we then transfer all quantities to tho left-hand side of 
the equation, and include them all in a single space- 
integral the quantity multiplied by ch must vanish, since 
tho portion of space under consideration can bo taken as 
small as wo idease. This gives : 


~ -H EifEi! -I- E,E.) -|- {JlJh + -I- lEIh) 

dz 




where tlio vector S of energy-flux is given by (0) in tho 
Gaussian system : 


47T 


S = ~ [E,jri . . . 


(20) 
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The oq^iiation (25a), which holds genorally, is a homo- 
geiieous quadratic function of the six intensities of fichl 
and their derivatives. To obtain from it the six homo- 
geneous linear differential equations of the olectromagnotie 
field it suggests itself to us to equate to Koro those of the 
quantities in it which are multii}lied by the six field- 
components Ex, El/, Ei, Jig, Hi/, Hz. Wo then get tho six 
equations : 


cEg = c 




— ‘l:7TI<J^j, . . . 




0a/’ 


or, in vectorial form, by II (05) : 

ei} = OGiivlH ~ 4.tti<E . . . (27a) 

/iJl = - 0 curl 15 (276) 


and those are Maa^wlVa fundamental equations for ihe. 
eleclromagnetio field in a homogonoous isotropic body at 
rest. Wo shall see that all tho laws of olootrio and mag- 
netic pheiiomona in such bodies can bo uniquely derived 
from Marvell’s equations and the boundary conditions ( 1 1 )• 
If, for brevity, we introduce tho vectors ; 

- D ( 28 ) 

kE==J (20) 

jLtll = II {20) 

the fiekl-equations assume tlio form : 

i) = c curl 11 ~ (IttJ . . . . (Mia) 

B - - c curl 15 (316) 

which are distinguished by tho fact that they contain no 
constant wMch refers to tho particular naturo’ of tlio body, 
and so have a universal character. Hence this form of 
tho equations can bo suitably ai)plied also to non-homo - 
g&neoua and ndn-isotropic bodies so long as they are con- 
tinuously extended and may be assumed to bo at rest. 
Within the range thus specified these equations have been 
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found to hold extremely well wlicrovor they have been 
ai)plied. They form, so to spealc, the solid framework into 
which all the individual peculiarities conditioned by the 
special properties of various bodies can bo fitted. These 
peculiarities find expression only in relation8lii23S such as 
those which are assumed for homogeneous isotroino bodies 
by the equations (28), (29), (30). 

Thus the Avholo system of optics of crystals is derived 
by a siinifio modification of the relation (28), which con- 
sists in reifiacing the simple proportionality of bho vectors 
E and J) by a more general linear rolatipn between the 
respective components (cf. IV, § 52). Further, wo arrive 
at a theory of electrical excitation in a non-uniformly 
concentrated solution by generalizing the equation (29). 
This is done by adding to the electrical intensity of field E 
a quantity called the ” oxciting ” oleotromotivo force. 
Finally, the laws of ferromagnotio substances are obtained 
by appropriately generalizing the relation (30) (of. § 86, 
below). 

It is imdorstood that oaoh of those gonoralizations of 
the equations (28), (20) and (30) also afCoots tho expressions 
(2), (4) and (20) for tho onergy-donsitios and tho Joule 
boat, respootivoly, whoroas on tho other hand tho expres- 
sion (26) for tho onorgy-flux remains imafOootod by tho 
generalization, since no material constant is ooiitained in 
(26). Tho ]}artioiilar modification in each case is dotor- 
mined by applying tho energy-principle as in § fl, with tho 
help of tho universal equations (26) and (31). 

From this there follows, for oxam^fio, for the change of 
electrical energy in bho time dt : 

i-ff I EdD^) . . (32) 

and for tho change of magnobio energy : 

j dT{ITxdB;c -\~ UydJly . . {32«) 

which are generalizations of the expressions (2) and (4), 
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§10. Although the boundary conditions (11) contain 
only the tangential com 2 ionont 8 of tho intoiisiticH of field, 
in combination with the equations for tlio interior tJiey 
allow us to draw a conclusion about tho rolations la^twoen 
the normal comiwncnts of tho field on both aides of tlio 
surface of sejjaration of two media. Eor let us consider 
again, as in § 6, a i3oint in tho surface of separation betu' 0 (ui 
two media, choosing tlie tangential i)lano as the a'/y-plaiK^. 
Then by (31a) the equations for tho normal eomjajmMit 
of the electric vector D on tho sides of tho surfat^u of 
sej^aration are : 


and : 


dt 

dD'z 


= c 


dJIp 

dx 


OIIA . , 

J-) - M, 




dt \ 9,'y 9^ 

so that by subtraction wo havo : 

According to tho boundary conditions (11) tlio dilfor- 
ences of tho tangential magnetic Gom 2 )onont 8 aro : 

J/V - J/„ « 0 and ~ ^ 

clifleronoes thomaolvea, Jiowovcv, Inili 

fZ f aspect to » and p aro equal to 

zeio, because the equations (33) also hold for all uoiKhbour- 
mgpomts of the surface of separation and hence may bo 
cbfferentiated with respect to any direction ivlucli, ‘lilu, 
the dueotions x and y, lie in the tangential plane ■ liut 

noflllo H™ ^ “■ «’»!>■«' 

the one ™ltrro ™‘y 

Hence in equation (32&) the term involving c drops out 
altogether, and we obtain in general fnriln i 

components of B on both sides of L surface of Ja" 

^ (D'y ~D,) = ^ j J 



II. 


LAWS OF ELECTROMAGNETIC FIELD 25 


This equation may with advantage bo vviitten iii a 
symmetrical form by using the normal v' — — v directed 
towards the interior of the medium for the components in 
the accented system : 

+/>,)==- dTrCJV -I- j.) . . (34) 

In § 11 we shall amvo at a very clear picture of the 
moaning of this boundary condition which holds for the 
normal component of the vector D. 

In a precisely similar way we got for the normal com- 
ponent of the magnetic vector li the simpler boundary 
condition : 

= 0 ..... (35) 

§ 11. The most important characteristic of Maxwell’s 
field equations (31) is that they can be integrated in a 
simple way ; this loads to a 
principle of fundamental 
importaiioo in electrodyna- 
mics. To obtain this directly 
in a general form wo imagine 
an elootromagnetio hold in a 
system oonsisting of any 
arbitrary number of bodies 
in contact and fix our 
attention on an arbitrarily groat volume of any form, 
which wo mark oil! by an ideal closed surface (shown 
dotted in Eig, 1). Various bodies are sitnatoti in this 
space, which are separated, from each othor by .cloflnito 
surfaces of separation (depicted by thick liiios in il^ig. I). 

Wo now form the divergence, in the sense of II, (J(J, for 
each side of the electrical field equations (3 la) . This gives : 

divi) = - iTfdiv J .... (30) 

Wg multiply both sides by the apaco-oloinent dr and 
intogi'ate over the whole space under considoration ; 

J dr .diri) = ~ iir j dr .divJ . , (37) 
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iho expression on the left-hand side can immediately 
be expressed as a differential coefficient with respect to tlie 
time while the expression on the right-hand side can \n^ 
tTansformed in the manner of (26) into a surface integral. 
But It must be remembered that the vector J is not com 
tmuoiis and hence the transformation (25) cannot simiily 
bo applied to the whole of the space in question, Ratluu' , 
T/onf- ^ space-integral on the right-hand sid.- 

of (3^ into the sum of a number of apaco-iiitcgrals, each 
oi which refers to a single homogeneous body of the 
system, and we then perforin the transformation into a 
surface integral for each body separately. Tlien tlie 
various surface integrals contain, besides tho oxtoriial 
Ideal surface, also tho internal real surfaces of separation 
of each pair of bodies. A distinction assorts itself in that 
the elements {ch) of the ideal surface occur only once, 
w lereas ovaiy element [ds) of a real surface of separation 
occurs twice, since it ooours as a surface olomont for two 

equation (37) 

j dr . div fl « -Itt J chJ, in j ds{J'^. 


•I- J,: 


if we oomhine tho two terms which refer to a' dolinite 

« S! ^7 clistinguish tho two bodies 

adjomnig ds by an accent. 

nf *1 “‘ogral over tho surfaces 

of sopaiation by a clifEerential (juotiout with respect to tlio 
time and so write the last ecpiation in tho form : 


dr 


divD 


in 




f ds 


I>'y' -f- D 


in 


= j daJ^ 


m 




477 - 


47r 


= e 


(ao) 


is dependent mi events at the external surface of tho snaeo 
^n question. If the surface mtegral on the right-haiu/sido 
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is oq^xial to zero, which by (29) is so, for oxamplo, if /< =0 
for all media through •which the surface passes, the abovo 
quantity remains constant, The quantity e clofinod by 
(39) is called the total quantity of electricity or the electric 
charge contained in the system of bodies under considera- 
tion and the law expressed by (38) is called the Principle 
of the Conservation of Electricity, 

As wo see from (39), the electric cliarge exists in two 
different forms, as a space charge and as a surface charge. 

The “ sj)ace density of charge ” is : 


divD 

i.TT 


k 


(40) 


whereas the “ surface density of charge ” is : 

-V . = 7i . . . 

47r 


(41) 


The veotor ]> doflued by (28) is called the " oleotrio 
inductiou ” or “ olootrioal excitation.” Accoi'dingly; the 
spatial density of charge is proportional to the “ space or 
volume divorgonoG,” and the surface density of charge is 
lu’oportional to the ” surface divorgonoo ’—that is, to the 
abrupt change of the noi’inal ooin23onont of the olootric 
induction. 

The total charge e of the system of bodies may, by (39), 
bo ropresoutod by an integral over the outer surface of the 
system. For if wo transform the spaco-intogi’al in (39) 
in exactly the same manner as was done above witli the 
spaco-intcgral on the right-hand side of (37), bearing in 
mind tliat the vector D at a surface of so^^aration of two 
differont bodies is in general discontinuous, two surface 
integrals result : one over the surfaces of separation, which 
is exactly equal and oj^posito to the one which occurs in 
(39) and cancels with it; the other integral is over the 
outer surface and runs : 



(42 
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Tlio relationship expressed by this equation between tlu 
total quantity of electricity within the spaco in questi(}i 
and the surface integral over the noiunal com])onont of tin 
electric induction is of exactly the same Jcinti as the rela- 
tion deduced in II, § 64 between tho sum of the iutonsitiehi 
of all the sources and sinks contained in a volume of li(|ui(l 
and tho flux through the surface of the volume (( JausH’H 
equation). Hence tho product da , is also called the 
“flux of induction” through the surface-element da in 
the direction of the normal v. Tho total flux of induction 
oukvanls through an arbitrarily closed surface tiuis ahvays 
gives the total charge in the space bounded by tho surface. 

Eurther, by (38) the time change of tho total charge a 
of the space in question amounts to : 


(43) 


dt. I da. J, . . . . 

in the time di. 

Hence this quantity is oallod tho total quantity oJ 
electricity which flows into tho spaco through all tlui 
surface-elements in tho time dt. Since tho quantity ol 
electricity : 

dt , da , Jf, (44) 

flows through the surface-element da^ tho vector J dolinod 
by (29) is called, analogously to tho onorgy-flux voctor S 
111(6), the e ootrio oun-ont density ” ; and tho constant 
Kin (29) IS called the "specific eleotrio conductivity ” of 
the medium m question, Dor a vacuum k - 0, by S 8. 
andhence j - 0 Such substances aro called “insulators,” 
all 0 hers are caUed conductors ” If k can bo sot equal to 
mfimty for a subs ance, it is called a “perfect conductor.” 

It IS obvioiis that the introduction of tho concept of 
the electric charge, tho electric current and the electric 
conductivity aUows us to form a clear picture of tiio 
pimciple of the conservation of electricity. Dor examnlo 
by mtroduemg the surface density 7^ fiwr. l i ^ ^ ’ 
ivrite the boundary condition (34) in the form : * 
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take ifc as meaning that the abrupt change which the 
nal component of the electric current density undergoes 
surface determines the time change of the amount of 
go which resides on the surface. The relations for 
iiotisin corresponding to the principle of the conserva- 
of electricity are much simpler. For since in this 
the term relating to the conduction ciuTent does not 
r, these relations reduce to : 

^ div j? = 0 (46) 

ih can bo obtained directly from (31Z>), and : 

I (B\. -I- 0 (47) 

I (36). That is, the magnetic charge, both the space 
the surface charge, is everywhere invai’iablo in time. 
CO B denotes the “ magnetic induction ” defined by 

12. For homogeneous bodies, to which wo shall 
•iot our attention in the sequel, the equation (80) 
its quite generally of integration with respect to the 
!For since s and « are constant in space, they can 
)laeod in front of the div-sign, so that wo got, in 
equenco of (28), (29) and (21) : 

„ * 
dt “ T 

ih, when integrated, gives : 

t 

^ = const, e”'-*' (48) 

b is, in a homogeneous substance the density of eloctrio 
'go in space decreases witli the time under all oircum- 
ces. It is only in the limiting case when the time of 
cation T becomes infinitely great that it remains 
bant. Thus if at any time no space charge was 
ont, none can over present itself. In view of this 
irlc we shall in the sequel everywhere assume tho 
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density of charge h in space to be zero everywlioro, Froi 
(40) it then follows generally that : 

div D = 0 (4:i 

In homogeneous bodies electricity is always found ( 
accumulate at the bounding surfaces. 

We also obtain further from (28) and (20) that : 

div = 0 and div J 0 . . . (fiC 

Thus the electric current behaves analogously to 
floAving incompressible liquid (of. IT (2/59) ). But av 
must remember that the space-density of olcotrioity i 
equal to zero. This, of course, gives rise to no contradic 
tion, since the divergence conditions (49) and (fiO) ar 
certainly compatible with a fiiute value of J. 

Concenimg magnetism, we have already soon in (40) aiu 
(47) that neither the space nor the surface density of oluirgi 
can change Avith the time, and hence in all bodies whiol 
have evei* been non-magnetio it must oontiiiuo to roinaii 
zero. Hence Ave speoializo our equations still further 
assuming generally that ; ‘ 

divB = 0 ' (fil 

and : ' 

Ji\. + Bv 0 (52 

That is, in the case of magnetic induction both the vohiin t 
divergence and the surface divergence vanish. Honco, 
111 analogy with tlie general equation (42) the flux ol 
magnetic mduction through any closed aurfaoo is always 
equal to zero, or ; ^ 

!^vda = 0 (53J 

giving a comidoto aocoiint 
theory of oleotrioity and 


The above may be regarded as 
of the foundations of the Avhole 
magnetism. 


PAHT TWO 

STATICAL AND STATIONARY STATES 




CHAPTEll I 


ELECTROSa^ATIO EIElxD WITHOUa’ f'JONTACT 
POTENTIALS 

§ 13. Turning to tho applications of tho systoius of 
eq^uations that liavo boon dorivocl, wo shall now, in ordor 
gradually to obtain a survey of tho vast field of phono- 
mena, start by treating some simtilo cases, first of all 
statical states. Wo call an oloctroinagnotic field statical 
if tlio state of tho inodiinn filled with tho iiold nowhoro 
undorgocs changes with tho timo. Honoo in a statical 
field all difierontial q.iiotiont8 with respoot to tho timo i 
must vanish, from which it follows by (31) that ; 

0 « 0 curl Xl-hrJ . . . . (fid) 

0 = ourl-B (OC) 

But these conditions are not suffioiont to define tho 
statical state. Por so long as tho quantity ic 3 S^ in (2d) 
differs from ?,oro at any point of tho medium, heat is 
generated there, and so a change of state occurs in tho 
medium. Honco tho condition for a statical stato do- 
'' mands that in tlio product kE'^ oithei’ tho factor k or 
the factor JE must vanish everywhere. Iii other words, 
a finite electrostatic field is possible only in an insulator 
{ic = 0), wlieroas if there is the slightest trace of ooii- 
ductivity tho elootric intensity of field in tlio statical 
field is zero, that is : 

= 0 ( 56 ) 

If tho quantity rf vanislics then the quantity /cE = J 
also vanishes ovorywliore, and honco it follows from (fidl 
that : 

0 » curl II ( 57 ) 

33 1) 
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These are the fundamental equations for Hlatioiiiii’y 
fields. As we see, they subdivide into those ■svliiidi (mjii- 
tain only electrical quantities and those Avliicdi (?oulaiii 
only magnetic quantities; or, in otlier woj.*(1b, (diMili-o- 
static and magnetostatic fields have quite iiideimiident 
laws. They simply become superposed witliout inlJnoiif • 
ing each other to the slightest degree. Iteiiro we eiin 
treat electrostatics quite independently of iinigiKdoHlatieH. 

Althougli these statements are very simple' and cuHy 
to understand, they nevertheless load to a voi^y nMniirh' 
able consequence. If wo imagine an oleotrostatie and a 
magnetostatic field to bo present simultaiUH>iiHly in a 
medium, then according to (20) a definite finite energy 
flux occurs everywhere, and its magnitude and diri'idioii 
depend essentially, on the behaviour of tlio ohH'trio iiiid 
the magnetic field to each other. .Hero tlioii wo aetmdiy 
have a process whioh does dopoiul on tho jiitenu'tiim 
between the eleotrio and tho magnotio ilold. It Ih Ivuv 
that there is no physical signifleauco attaoluu! to iJiia 
process, for tho energy flux nowhere oifoots a cduingc iu 
the energy that is present; rather, just as iniKdi eiungv 
flows into every part of space as flows out. Rut tiiiH 
oonsequence, deduced from Poynting's thooroivw m unvoi- 
theless somewhat striking and must for tho prosent lio 
egarded as a result that is not so far supportml Ity 
so constitutes an umiocossary burdon for tho 
theoretical ideas; yot it cannot bo discarded without 
tTtw^ tlie whole striicturo of Maxwell’s theory. 

§14. We shall now first obtain tiio laws of dt-clra^ 


■E = - grad (j) 


( 58 } 


satisfles the difierential oquationThO) ' 

= 0 . . . 


( 60 ) 
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and also tlic boundary condition (11) ; 

0) __ n 

aA “ ^ ■ 


( 00 ) 


wliero dX denotes an elcincnt of length of any cuirvo 
lying in the coniinon li(ninding snrfauo of two substantu^s. 
Integrating with respect to A, wo got : 

(// - 0 = const ( 01 ) 

that isj the potential dilferoneo at the bonnding Hiii’fiitui 
of two siibstaiicos has the same valuo at all points of 
the surface. This q^iuintity is called tho conlacl lyokmiial 
of tlio two substances. In gonoral, it cliftors from /oro 
and depends on tho ehomieal constitution and tlie tom- 
porature of tho two substaneos. In tho proaont ehaptov 
we shall disregard contact potoiitials ontiroly and so 
shall oonsidor tho potential function as G07iti9i'uous througli- 
out. Moroovoi', tho oleotrio potoiitial is uniform, shuso tho 
rolatioii (55) liolds ovcrywlioro in spaoo (cf. II, § ao). 

Aooording to (50) tho potential function </> is constant 
at all points insldo any ooiidnotor. Its absolute value 
has no physical moaning, siiibo in all tho proooding 
equations only cliiforoncos and dlfCorontials of 0 ocsour. 
Heiioo wo aro at liberty to llx tlio valuo of 0 at any 
arbitrary point as wo plcaso. It is usual to sot 0 oniml to 
zero for points at an infinite diatanoo from tins oluctrically 
charged bodies, whore tlioy no longer produco approoiable 
offoots. 

If tlio potential function 0 is known, wo got by (41) 
and (28) for the density of electric cliargo at tho common 
boiiuding aurfaeo of tAvo subBtaiioes : 


00 

% 


4.7Th =» -(- g' 


w 

did 


( 02 ) 


If the subatanoo indicated by an accont is a oonduotor, 


then = 0 and : 



36 


ELECTRICITY AND MAGNETISM 


oiiAr. 


Thus the density of cliargo is proportional to blio 
intensity of field in the insulator and has the same sign 
as that component of it which is directed towards the 
insulator. 

This also gives us for the total charge on a oonduefcor 
which borders on an insulator whoso diolootric! constant 
is e : 

e = |M<r= 


which agrees with the general equation (42); but wo 
must observe that v is there dneoted towards the interior 
of the insulator and so denotes the normal direutod 
towards the space outside the conductor. 

This total quantity e of the conductor is a constant 
quantity which is characteristic of its stato. .h'or by 
§ 11 it does not change its value so long as tho conductor 
is siuTounded by the insulator, no matter how important 
the changes that ooour in the field may bo. If e » 0 
without ^ * 0 the' conductor is said to bo charged by 
influence ” or “ indirotion.” 


§ 16. A strilcing piotiiro of tho properties of an olootrlo 
field is obtained if we introduce oquipotontial surfacoa 
(nweaux) (f> => const, and tho lines of forces vdiioh intor- 
sect them^ normally and which have already boon dosorlbod 
in detail in I, § 40. On account of (60) there are no linos 
of force at all in the interior of a conductor, but only in 
msdators. The surfaces of conductors are equipoteiitial 
surfaces and hence the lines of force at all points of a 
conducting surface are normal to that surface. At tho 

IZ "liivrge-density h tho lines of force 

pass, by (63) from the conductor to tho insulator; at 
the pomts with a negative charge-density they pass from 
the msidator to the conductor; that is, a Ihio of f^ 
begms at a positive and ends at a negative eharge. Sinoo 

the potential, it can never end on tho same oondiiotor as 
It eteted from. Thus it either ends at the suXco of 
a Other conductor at lower potential or runs off to in- 
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liuity. We can roduco the latter case to the former ease 
by imagining all points at infinity to bo condnotively 
connected by having an infinitely great conducting 
spherical surface surrounding the v'hole finito hold in 
question, iriiis in no way alters the field. Eor since tlio 
potential function vanislios at infinity, the condition 
</} = const, is in any ease already fulfilled on this spherioal 
surface. 

An infinitely thin tube of force passes from every 
positively charged infinitely small surface-element dcr of 
a conductor to the insulator (of. II, § 61). Its form is 
intimately connected not only with the dircotion, but 
also with the magnitude of the intensity of hold. Eor 
by (63) wo have : 

Ma ^ . . . (65) 

■This quantity, whioh represents the amount of oloo- 
trioity wiiioli is out out of the surface of the oonduotoz’ 
by the tube of force, has a oonstant oharaotoriatlo sig- 
nifloanoo for tlio whole oonrso of the tube of force so 
long as it oneounters no charge. If wo now take da to 
stand for any arbitrary oross-soction of the tubo in any 
direction and at any ])olnt of the hold, i.* being its normal, 
then the quantity (65) roju’csonts the flux of induction 
through the cross-section da, except for the factor in 
the denominator. According to the general equation 
(42) the htix of induction outwards through a closed 
surface whioli onclosos no oloctrio charge is equal to 
zero, and since wo can always form a closed surface from 
two arbitrary cross-seotions of the tubo and the tubo 
wall, since there is flux of induction througli the tubo 
wall, it follows from (42) that so long as the tube inter- 
sects no charges the hiix of induetion in a dohnito diroo- 
tion remains constant tlirouglr any oross-sootion of the 
tubo. This is completely analogous to the case of the 
current intensity of an incomimessiblo liquid in II (328), 
and with the momentum of a vortex filament in II (317). 
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WiieiD the tube naiTows the incluotiou and with it (Jio 
intensity of field increasoj and vico versa. Tlio lliix of 
induction also remains the samo at oross-scKstioiiH vdnn’o 
the tube passes from one insulator to anotlior nnd oonut)- 
aiiently makes a bond (§ 17), provided that no 
resides on the surface of separation — that is, so long ns 
A = 0. The flux of induction is broken off at th(( (uid 
of the tube. It is compensated by the nogutivo Cihiirgo 
in which the tube ends; this negative cluirgo is just as 
great as the positive charge (65) in which it l)egiiis. 
fact that these two charges are exactly equal and ox>pf)Hito 
results immediately from applying tho general ocpuvlion 
(42) to the whole tube of force, if wo imagine it closocl 
by two cross-sections which lie entirely in tho two l)oiintl- 
mg conductors. The flux of induction through tho closofl 
surface is then equal to zero and honoo tho algobmlo Btnu 

of the quantities of electricity in its interior is also oqunl 
to zero. '*• 


oliargea Ma from which all tho 

from uZ tobos tliat stavt 

“agnlbudo and 

collects on the hml L Y"" of eloo- 

which is exactly equal tn fi conductor 

place around the wLll or WG a an 

wirole msulatmg aneclium a closed 
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surface which lies complotoly in the substanco of the 
surrounding conductor so that no flux of induction and 
no lino of force passes through it. Henco tlio total 
cliargG enclosed by this surface is oci^iial to zero, or, as 
wo say, a q^uantity of electricity eq^iial and opposite to 
the charge on tlio inner surface of the surrounding con- 
ductor is ‘'bound” by the charged conductors. 
same result follows if Ave consider tliat every positive 
charge Avliich arises anywhere in the insulator forms the 
beginning of a tube of foroo Avliich marks ofl; at its other 
end an equally groat negative charge. A quantity of 
electricity which I’opresents the difCcronco between the 
total charge of tho conductor and tho cliargo on its innor 
surface collects on (is “ indxiccd ” on) tho outer surface 
of the surrounding conductor. 

If wo make tho potential of tho surrounding conductor 
zero by coniiooting it with an inrinitoly distant conductor 
or as wo say with tho “ oartli,” tho ohargo on tho outside 
flows to earth and tho whole of tho oxtoiml spaoo becomes 
olootrioally noiitral. ilfor since a lino of force cannot 
end on tho samo oonduotor as that on Avhioh it begins, 
no lines of force at all can exist in tho oxtornal space. 
Tho olootrio Hold in tlio interior is, howovor, qiiito indo- 
pondont of whothor tho suiToimding conductor is con- 
nected to earth or wliotlior it is insulated and then has a 
charge cominunicatod to it. For tho conditions of tho 
internal electrostatic flold arc not alloctod by tho absolute 
value of tho potential of tho surrounding conductor (§ LJ ). 
Hence we say that tho surrounding conductor oxorts a 
“ sorconing action ” ; this is intended to moan that tho 
electrostatic fields on botii sides of tho screen act quite 
iiidoiDondently of each other. - A piano conducting surface 
may also bo used as an electric screen if it is taken of 
sufTicicnt area to collect all tlio linos of forco that run from 
tho field on tho ono side in tho direction of tho otlier side 
so that no lines of forco can pass round the screen into 
tho other flold. 

§ 16. Turning now to special cases, we first vomind 
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cUfferelL^’’'^ solution of Laplace’s 

tatio fle If Tu i-ePi'esente a defuaite eLtro- 

feoTal Wmd™ “T con-esponding 

TtL flow ' 7 The boundaries 

that .s. by surfaces of constant potential. Conyorsely 

^ “J- arbitrary surface A = const as 

bfiriiood r fi i" PMduoo in its neigh- 

AU hat ™ f r ;-®Pi-sssnted by the potential function f 

fomn of tTil T f a>o 

surface “ “ conducting 

ti77 particular solution of A.* = o is a func. 

Lunttof^V^’^c” I'ootilinear co- 
te fBSi a il: °°”' 7 ™ding to it ivo have, according 

dirLii" ' 

only on x, and we Imvo ; ® 

^ ( 66 ) 

==:r5L““S«r.”-f" 


*-*(>-;) 


■ . . (67) 

anfthftatelilrof MdTtf t'“ 

by (58) ; ^ ™ Potential gradient is, 
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Ey (63) the density of charge on the noii-oartlicd plate 
, .-r = 0 is : 


_1 = .1 . h 

A-tt 9.1; dTT D 


( 00 ) 


On the earthed plate facing it is the oiJpoaito uhargo. 

The ratio of the total cliarge on a plate to the potential 
clifCerenco botAveon the plates or the charge AAdiich pro- 
duces unit difference of potential between the plates is 
called the electric “ capacity ” of the condonaor. 'Thus 
if IP denotes the area of the surface of a plate the capacity 
is : 


h-F _ eF 

(j)Q 47rT) 


(70) 


That is, the capacity of a plane oondensBi* is proi^ortioiial 
to its surface, inversely proportional to tiio distance 
between its j)latos and proportional to the diolootrio con- 
stant of tho insulator (air, glass). Since the foi, ’inula (00) 
holds only for infinitely extended equipotontial Hurfacds, 
the equation (70) requires a oorreotion, tho so-oallecl 
“edge” correction, when applied to a finite surface F. 
This oorreotion becomes tlie loss Important tho greater 
F is. 

If a conductor which is insulated and unoluii’gcd is 
introduced into a homogeneous field, It disturbs the field 
in a certain way which is in general diflioult to oaloulato, 
but a general idea of the special features of tho disbnrhanco 
can bo gained with tho help of the laws governing lines 
of force. For since the linos of force everywhoro start 
from or arrive at tho conductor in a dirootiou norma] to 
its surface, tho conductor attracts tho linos of fo'j.'CG in its 
neighbourhood to itself (Eig. 2), whereas on tho other side 
it repels an equal number of lines of force, iriio points 
of arrival form the seat of nogativo ohai’gos, tho iioints of 
departure or repulsion form tho scat of positive charges. 
On each side tliere will bo a definite singidar lino of force 
which Avill pass at such a distance from tho oonduotor that 
it will just meet it and then leave it again at tho same 
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point {th.0 fact that its vertex enoonnters tJio CDiiduotor 
perpendioiilarly cannot be shown clearly in tlui figure). 
At a singular point A of this kind the charge density is 
equal to zero; it lies in the so-called neutral zone ^ of tlio 
conductor which sejiarates the positive from the negative 
charges. The more distant linos of force of the lield 
link up continuously (laterally) with tho singular lines of 
force, the curves showing first greater and thou gradually 
smaller depressions until the influence of tho disturbing 
conductor at last vanishes. 



The lines of forae also give a certain goneral picturo of 
the relationship between the magnitucle of tho oliniwc 
density and the form of the surface of tlio oonSr. 

of foire^r * “ I'™* oiitivarcla ttio liues 

intensity of Md Lmv ooncliietor. tho 

' called <■ lines of no elootrification.” 
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Limiting oases are given Ly lorojecting points ot inliuitoly 
sliarp Follows, at wliich the density of oliargo is infinito 
and zero respectively. may regard as an illustration 
of this Fig. 11 in Jd!, § (58, where the right angles donoto 
the surfaces of the conductors and the curves donoto tho 
lines of force in the insulator, ddio point A denotes a 
very acute angle, tho point /i a very obtuse angle. 

§ 17. Let us next consider tho conditions at tho boundary 
suitaco of two insulators. Tho boundary condition is 
given by (02) in this case, tho density of charge h at ovory 
point of tho boundary sui'face having a dofinite invariable 
value. From this it follows that the direction of tho lino 
of force at the boundary surface wliich is dotormined by 
the ratios of the Held compononts is discontinuous — that 
iS;, that the lines of force undergo refraction in passing 
through this surfaoo ; tho extent of the I’efraotion doponda 
essentially on tho density of charge k. If wo assume 
h = 0, which transforms (62) into : 

= « 

tho law of refraction aasnmea a simple form. !For if wo 
resolve the intensity of hold on each side of tho boundary 
surfaoo into its tangential and its normal oompononta, 
tho former is continuous, wlioreas tho latter, by (71), 
changes in inverse proportion to tho dielectric constants. 
From this it follows fii’stly, that tho “ refracted ” lino of 
force lies in tho jilane defined by tho incident lino of force 
and the normal to the surface, and, secondly, that if 
« and a' denote the aouto angles made with tho normal by 
tho two lines of force tho following relation liolds : 

tana: tana'^eie' . . . . (72) 

For the tangents of these two angles are inversely pro- 
portional to the normal compononts of tho intensitios of 
field. Thus, the greater' tho dielectric constant of an 
insulator, the . greater is the angle between tho normal 
and the direction of the lino of force that penetrates into it 
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(that is, the angle of refraction). In the limiting cas 

€ = CO we get hy (71) that 0 at the wliolo Burfaci 

of the insulator and hence by the tlieoroin proved in 1,1 
§ 71, the value of </> is constant in the whole of tli<^ lut(u*io] 
of the insulator. Or, in other words, an insulator with iii 
infimtely great dielectric constant behaves in tin oUietrtt' 
static field like a conductor; no lino of force on tors it 
This does not, of course, allow us to identify Buoh an 
insulator entirely with a conductor. Eor there ia always 
the essential difference between them that an olootrio 
current can pass through a conductor, but not through an 
insulator. 


§ 18. A particular solution of Laplace’s equation (50 
which is of fimdamental importance is Nowton’s gravi 
tational potential (I (126), or (126)) for the ease whoro the 
ideieuoo-pomt (4itfpimJct) lies outside the acting inasscH, 
We shall therefore now set the olootrostatio potoutial 
equal to the potential of certain fiotitious positive oi 
negative masses sintably distributed and acting aooording 
SraviWion. Slnoo Laplaoo’s equation holcln 
— n tho flotitioua masHos 

omnothaveaflmtospaoo-cleusity; it tlioreforo siigcoHtH 
toli to imagine them distributed ivitli flnito suilaoo- 

Tllerto -T T oonduotors and inaulatcma. 
WD ™ elootrio donsity h, 

rassXl f Itf ^riace-deiisity of those flotitioua 

the.rhy f t tu^r 


r 


■1 




{71 


t -feiouco-point fi.o, 

spread over anv snX. 1 of masses which ar 
Wding to itsiS Je ft^r„ StiqC: 


I. 


ELECTROSTATIC EIELD 


46 


and is equal to zero at infinity if, as Ave shall assume, tho 
surface lies entirely in finite regions. The question of 
the continuity of «/; and of its first dilferential coefficient 
can be answered by treating a siDecial case — ^that of a 
spherical surface covered uniformly Avith matter and of 
radius R. If the reference-point lies outside tho sphere, 
then, by I, § 37, the potential is just as great as if tlio 
total mass were concentrated at the centre of the sphere, 
thus : 

= = A' . . . (74) 

‘ U J ro 

where denotes the distance of the reference-point from 
the centre. If, hoAvever, this point lies within the sphere, 
the potential is everywhere constant, and is just as great 
as at the centre, thus by (73) : 

i/f = / h'da = 47ri2A^ . . ■ (7^5) 

Now if tire roferonce-point moves from outside (ro > J?) 
through the surface of the sphere ?‘o i? into the interior 
(rp < i2) then, as we see, the expression 
(74) transforms continuously into tho 
expression (75) — that is, the potential ijj 
undergoes no abrupt transition at tlie 
surface matter. This result can easily 
be extended to matter distributed on a 
surface of any form by means of an 
argument analogous to that used in I, 

§ 33. For if we divide the spherical 
surface into two parts by marking off around the point 
A where the reference-point passes through the sui’face 
(Fig. 3) a small disc-shaped region on the sphere, 
which we denote by 1 (shoAVir shaded in the figure), 
whereas all the remainder is denoted by 2, then we have : 

^ -f- ^3 (76) 

And since ifj and are both continuous — the latter because 
for the mass 2 the reference-point always remains external 
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to it during tlie displacemont — so also is i//i, tlio potontiivl 
of the small disc. But this proves that ijs is coiitlmionH 
when the reference-point jjasses tlu’ongh inattor dis- 
tributed over a surface of any shape. For, however 
the surface may be constituted, it is ahvays po.ssiblo to 
mark off on it a little disc of this kind around the ])hice at 
which the point of reference passes through, and the 
remauiing part of the surface can cause no diHeontinuity 
because the reference-point always remains external to 
it. Hence we have generally for any arbitrary surface 
on which matter is distributed : 


0' = (77) 


where tfj and tfj' denote the values of i/j on both sides of 
the surface. 

An exactly similar argument gives us our result for fcho 
first differential oooffioient of i/;. Considoring first the 
tangential components, we got by difforGiitiutlng (77) 
witli regard to any direction A that lies in tlio Hinrfaoo : 


0A “ 0A 


( 78 ) 


So the tangential differential cooflioients aro ooutinuons. 
xo find tlie relation between the normal differential 
coeifacients we cannot, of course, differentiato oquatiou 
(77) in the direction of the normal of the surface, bocauHO 
this equation holds only for the surface itsolf—thnt is, for 

sinTl tho 

foimly distributed, bearing in mind that wo may in 
theng::feoJ(74;'"tHaI”' “ ““ ™f™noo-iioini wo 


4:7rR2 

du 3^0 


and if the external point lies 


just outside the surface : 



I. 


ELECTROSTATIC EIELD 


47 


On tho other hand, we get for an internal reference- 
point, from (75) that : 

s-« 1" 

Thus tlio difToi'cirtial q^uotient is discontinuous at the- 

spherical surface and undergoes an abrupt change of 
amount —^rrh' as tho referenco-point passes through the 
surface. Tliat is, if ^ denotes the potential in the outer 
space, i// that m tho inner space, v and v' the outwardly 
and inwardly directed normals, we have : 

+ 1^' = - «' . . . . (81) 


Ulo oxtei^cl this result to matter distributed over a surface 
of any form wliatsoever, we again distinguish the two 
parts 1 and 2 of the spherical surface. Then we have 
generally, by differentiating (76) : 

. . . m 


dv dv 0v 


[Likowise \ 


But we have 


W dv' ^ dv' 

4 , ^ 0 


(83) 


for is continuous, since the reference-point lies 

dv 

outside the part 2 of the surface. 

Accordingly, by adding (82) and (83) and bearing m 

mind (81), wo get : 

_L_ - 47r/t' . ■ • • (8^) 

“dv dv' 

this W6 see that the abrupt change in the value of 
the ditoential coefficient of the potential of the 
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spEerioal surface on wliioli the matter is distributed arises 
exclusively from the potential of the small disc around A. 
Erom this it follows that the amount of the change duo 
to the transition does not depend on how the matter 
outside the disc is distributed. Hence if wo have a 
material shell of any arbitrary shape and distribution of 
density, and if we allow the reference-point to pass 
through the surface at the point A on it, tlio normal 
differeirtial coefficient of the potential </r undergoes the 
change : 

+ -47rA' .... (86) 

dv ov 


where h' denotes tho density of the surface layer at tlic 
point of transition that is, the surface density of a 
small disc described about A. 

We can go a step further still in our deduotions. Eor 

in equation (84) we have : 

( 86 ) 

dv dv' 

This is so heoauso in tho case of the small disc there is 
no differenoo between outside and inside; rather, tho 
direotions r and v' a-re completely equivalent and inter- 
changeable. From this it follows that : 

.... (87) 

OV ov 


This quantity has a clear physical meaning. Eor since 
the gradient of the potential equals the force with wlrioh 
unit mass at tho reference-point is attracted or repelled 
by the acting mass, (87) represents tho force which the 
small disc exerts on a point-mass right at its surface. This 
force depends only on tho density h' of tho superficial 
distribution of mass, and not on the sizo of tho disc; 
rather, it retains its value no matter how small wo assume 
the size of tho disc to be. Tliis is, of oourse, explained by 
the fact that the dimensions of the disc are still always 
infinitely great compared with the distance of tho point 
of reference from the disc. 
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In this way ^vo also seo why the forco exerted by matter 
distributed over a spherical surface suddenly sinks from 
a finite value to zero when the point moves from outside 
through the surface into the interior. Eor so long as the 
point-mass is still outside the surface the small disc 1 acts 
in the same direction as the remaining mass 2. But as 
soon as the point passes through the siu’face, tho direction 
of the forco which starts from tlio disc becomes reversed, 
whereas tho other forco preserves its direction. 'Thus 
tho two forces then act in opposite directions and 
compensate each other. 

§ 19. 'through tho results of tho preceding investigation 
we have now advamjcd sufiiciontly fai.‘ to onunciato and 
prove tho following theorem : in any arbitrary electro- 
static field tho potential «/» is identical with tho gravitational 
potential i/f of tho fictitious masses which are distributed 
over tho surfaces of oonduotors and insulators with tho 
surface density : 


7d 


T& 



( 88 ) 


Wo prove this by showing that tho function j 

ijj — (j) <=> f/;o (89) 

where iji is defined by (73) and (88), vanishes idontioally. 
Eor the function <1>q has tho following properties. It satis- 
fies Laplace’s dillerontial equation, beoaiiso'both »/; and r/i 
do so separately; furUier, it is unique and continuous, 
and vanishes at infinity, because this is the case both with 
iji and also with (j). Einally, the first dilforeiitial coofilciGnts 
of are always continuous, oven at tho surfaces of con- 
ductors and insulators. Eor in tho case of the tangential 
derivatives wo gob from (00) and (78) : 

at^'o „ Ho 
'dX dX 

and for tho normal derivatives wo got from (85) and (88) : 
Ho J Hlo _ 0 

IS 
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The fact that a function with these properties vanishes 
identically comes out as a special result in applying a 
theorem which we shall now prove in its more general 
form. 

A uniform and continuous function of tlie space co- 
ordinates, whose first differential cocOicients are also 
continuous and which satisfies Laplace’s differential 
eq^iiation is determined within any domain of space if its 
values are given at all points of the surface of this domain. 
For if f and /' denote two functions whicli have all these 
properties and whose values at all points of the surface 
of this region are equal to each other but are arhitraiy 
elsewhere, then, by II (81), we have for the difference 
/o«f 



In this equation both integrals on tlio right-hand sido 
are equal to zero* the space integral on account of Laplace’s 
equation, the surface integral because the differenoo /o 
vanishes at all points of the surface. Consequently the 
integrand in the positive integral on the left-hand sido is 
zero at all points of space — that is, /o is constant through- 
out, being equal to zero as at the surfaoo. 

Hence the same holds for our function since it vanishes 
everywhere at infinity. 

§ 20. The theorem deduced in the preceding -section 
gives the laws of electrostatics a new and easily pictured 
meaning, since it makes the electric intensity of field a]ppoa],' 
lilte the action at a distance of gravitation, exooj)t that 
now the surface density which must be ascribed to the 
fictitious masses is not the electric density of chargo h, 
if their gravitational potential is to agree with the oleotrio 
potential, but rather the quantity h' defined by (88) ; 
h' is therefore often called the “ free ” density of chargo, 
in contrast to the “ true ” density of charge h. According 
to (88), the free oharge is related to the electric intensity 
of field JE in exactly the same way as the true charge (41) 
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IS related to tlio electric induction D. The advantage of 
introducing the free cliargo is that in calculating the 
potential and the intensity of field we can disregard 
entirely the dielcoti’ic properties of the insulators, so that 
wo deal only with direct action at a distance. Contrary 
to the true electricity, however, the free electricity does 
not satisfy the principle of the conservation of energy 
(§ 11). For oxam2)lo, if we take an insulated and cleo- 
ti'ically charged conductoi’ out of one insulator and place 
it in another liaving a different dielectric constant, tho 
true charge bcoomo.s unchanged, whereas tho free charge 
would have a now value. 

Tiio connection between the free density of charge W 
and tlio truo density of oliarge li is represented by the 
equations (88) and (41). In general, it is fairly com- 
plicated, hut assumes a particularly simple form in tho 
impo],’tanb case of tho surface of a couduotor. For in this 
case E'y> « 0 and oonsoquontly : 


7 / K 

47r 477' hu 


( 01 ) 


which, wlion oombiuod wifcli (03), gives : 

h'Jl (92) 

€ 


Honoo wliou h is given wo can immediately derive from 
tliis action at a distance tho potential and tho intensity 
of field. 

It is interesting to oonsidor tho special oases of electro- 
statio fields treated in § 16 in tho light of this theory of 
aotion at a distance. If, for example, tho reference-point 
carries unit charge and is situated at any j)oint between 
two plane ooirdonsor plates having tho charge-densities 
-I- h and — 7i, then, in aoeordanoe with the expression 
(87) for tho attraction of a plane disc which is of infinite 
extent compared with tho distance of tho reference-point, 
the unit charge will be attracted by the negatively-charged 
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plate and repelled by the positively-charged ])lato, so that 
the total intensity of field will amount to : 

= .... ( 0 !)) 

e 

which corresponds exactly with the equations (08) and (00). 

If wo bring into the homogeneous field of tho oondonsor 
an insulated and uncharged conductor, thou, in order 
tliat the intensity of field shall be equal to zero every whore 
in its interior, charges will havo to appear at its sin'faoo, 
whose attraction or repulsion must exactly oomponsato 
the attraction or repulsion of the two charges on tlio 
condenser — ^in such a way, of course, that tho total chai’go 
on the conductor remains equal to zero. Eig. 2 gives a 
picture of the action of these bound charges, 

By (76) tho potential for a conducting sphere of radius 11 
and charge e situated in an insulator whoso diolootrio 
constant is € Is : 

and 80 the electric capacity of the sphere is s 

G = ^ (96) 

that is, it is equal to the product of tho radius and tho 
dielectric constant. Hence if wo introduce tho insulated, 
charged spliere into another dieleotrio the potential and 
also the intensity of the field are reduced in the inverse 
ratio of the dieleotrio constant. 

If, on the other hand, instead of keeping e constant wo 
keep the potential ^ of the sphere constant while wo intro- 
duce it^ into the new insulator — ^this can bo done by 
connecting the sphere by means of a thin wii'e with one 
pole of a very distant constant battery— the charge on 
the sphere increases proportionally to tho dioleokio 
constant ; this is effected by a certain quantity of olootrioity 
flowing from the battery to the sphere. The oonnooting 
i Wire can always be chosen suflioiently fine not to influenoo 
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appreciably tlio lielcl produced by the aplioro {of. blie end 
of § 25). 

§ 2.1. Wo shall generalize the last theorems so that they 
may bo applied to any number of conductors of any sliapo, 
all of which wo sliall suppose embedded in a commeur 
insulator whoso dioloctrio constant is e. Lot ns fir.st 
consider the simple case in which all the oondnetorKS except 
one, denoted by .1, are coiniectod to earth by long, thin 
wires — that is, are brought to the potential zero — whereas 
the conductor 1 is kept at the 2K)tontial .l. '.l.’hc potential 
function in the insulator is then completely determined 
by the theorem derived at the end of § 19. We shall call 
this function /]_. 

I’ho lines of force all start from the conduotor 1 and end 
|)artly on the remaining conduotors and partly at infinity. 
Eor this reason the charge Ci on tho first conductor 1 is 
positive, whereas thoso on the remaining conduotors, 
Cg, Cg . . . arc negative. 

If now, other conditions romaining tho same, tho con- 
duotor 1 is raised from tho potential 1 to tho potential 0i, 
then the potential function of tho olcotrio field boeomos 
. fi and tho donsitioa of ohargo on tho individual 
conduotors booomo : 


7 , 


47r 0i/a’ 


(06) 


Ei.'om these expressions wo got for tho total charges on 
tho ooncluctoi,'.s : 



whore, after what has been said above, tho constant Ci is 
positive, whereas tho remaining constants, c^i, Caj., . . 
are negative. 

Tho conduotor 1 is charged in virtue of its potential (jt ^ ; 
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all the other conductors arc charged by induction from 
the conductor 1. The i3roduot ec^ is tho cai^aoity (jf tlio 
conductor 1; the other products, taken positively, arc 
called the “coefficients of capacity” of tho other con- 
ductors. It is important to note that the quantities c, like 
the function /i, depend only on the geometrical and not on 
the electrical conditions of the system. Eor this makes 
it possible to reduce the general case so as to apply to tho 
special case here under discussion. 

Eor if we now denote tho corresponding potential 
function for the conductor 2 by /g, and so forth, tho 
problem of determining the electric Hold which arises 
when the conductor 1 is kept at the potential f/jj, the 
conductor 2 at the potential forth, is solved by 

the potential function : 


*■/’ — ^ifi + • (OH) 

For tliis function, in the first place, eveiywhoro Hatisfios 
Laplace’s equation in the insulator, just as all tho individual 
/’s do singly, and secondly, at the surface of every oonduotor 
it has the prescribed value, since tho corresponding function 
is / = 1 there, whereas all tho other /‘s vanish. 

From this we then get, by (63), for the densities of charge 
on the individual conductors : 



and the total charges : 

+ <l)2pi2, + -l- - . ■ ) 

Cg = e(^lCgi *f ^gCg -f- ^gCgg -i- . . . ) 

63 = -f ^363 -|- • • . ) 


( 99 ) 


• ( 100 ) 


where : 


®12 = ~ 


477 



477 



Thus the charges on tho conductors are linear functions 
of their potentials, and are, moreover, proportional to tho 
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clielcotric constant of tlic insulator, as wo saw in (06) for 
the speoial caso of a sphere. Moreover, wo ahvays have : 

Ci 2 = Cgi, and so forth . . . (102) 

'.riiis is easily seen by considering the following identity, 
which arises from II (80) : 




'The space integral is here to bo taken over the whole 
insulatoi', whereas the snrfaoc integrals stretch over the 
whole boimding surface of the insulator — ^that is, over the 
surfaces of the conductors. Now since the function fi 
has the value 1 at the surface of the conductor 1 but the 
value 0 at the surface of all the other oondiiotors, the 
whole sum reduces to the first term, whioli is nothing other 
tlian the ooofiioient of capacity 0 ^ except for the factor ‘Itt ; 
and on account of the symmetry of tho space integral wo 
got tho value c^i for it in tho same way. 

If wo solve tho equations (100) for if^i, • . ■> wo con- 
versely obtain tlio potentials of the oonduoto].’s as linear 
functions of their charges, thus s 



1 'i 

01 “ '!■ "I" ■ ' 0 

0a "^(ciC 13 “I" CgO a -1- 630 33 -I- • - -) 

'I' aa "t 3 “I' ■ * ■) 


(103) 


whore tho oonstants c', like tho constants 0 , depend only 
on tho geometrical and not on tiro oleotrioal oonditions of 
tho system in question. Of course wo again have o ' = 
c'ai. Thus for given charges the potentials aro inversely 
proportional to tlio dieleotrio constant, as wo have already 
seen above for tho special case of a sphere. 

In tho same way wo can deal with tho problem of deter- 
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mining the electric field when, the potentials of some 
conductors are given and the charges on the remainder 
are Icnown. It is always simply a matter of solving linear 
equations^ provided that the capacities c are known. 

§ 22. We shall now consider several other i^articiilar 
solutions which are interesting for electrostatics. I'or 
simplicity we shall from now onwards choose as our 
insulator a perfect vacuum, so that e = 1. The free 
charge then coincides with the true charge. We can then 
generalize the results for other insulators by moans of the 
above theorems. 

Ih’oin the expression (73) we take the s23eoial solution : 

^ = (104) 

where and denote the distances of the reforenco-point 
P from two fixed poles A and B carrying the charges 
and fiu. The equipotential surfaces are of tlio eighth order, 
and so are fairly ^complicated, but among them there is 
one of rather simple form, namely j 




This surface is a sphere, as may easily bo seen oitlior 
analytically or geometrically. Of course, if the splroro is 
p to be real, the charges and must Iravo 
oj)posite signs. The sphere then encloses 
the pole which has the weaker charge; 
let this be B. If 0 denotes the oentro 
and B, the radius of the sphere, and if ^vo 
denote the distances of the two polos from 
0 by a and h, then we got (Eig. 4) from 
(106) for the two points of intersection of 
the sphere with the axis ABO the values ; 

^ (point of intersection outside (100a) 

^ (point of intersection inside AB (1066) 



Fia. 4. 
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If the position of the two poles, and hence also the 
distance a — h between them, and their charges and Cg 
are given, those two equations enable us to find both the 
radius li of the sphei’e and also tlie individual values of 
a and 1 ) — that is, the position of the centre 0. 

But wo oan also argue in the reverse direction. For if 
wo consider the sphere to be a conductor and connected 
to earth, the eleotric field will not be changed in the 
slightest. But the spliero then screens its internal space 
entirely from tho external space {§ 15) and the inner and 
outer fields are totally independent of each other. Hence 
the case under consideration also contains the solution of 
the problem of determining tho electric field which is 
formed when a ])ol6 A carrying the charge is situated 
at tho distance a from the centre 0 of a sphere of radius B 
which is oonnooted to earth. In the equations (106) wo 
are then to asaunio Ci, a and B as given and h and Cg 
determined by tliom. Tlie potential of the field in tho 
external space is then, as before, given by (104). That 
is, tho ohargo of opposite sign which is held bound on tlie 
sphere by tho eshargod polo aots in tho external space, 
just like a pole B wliioh carries tho ohargo Cg and is at a 
clistanoG h from tlie oontro of tho sphere. 

For this reason tho ];)oint B is also called the “ eleotrioal 
imago ” of tho point A with respect to tho sphere. Tho 
position of tho image B follows from the equations (106) 
by eliminating and Cg, and is : 



a 


This relation is independent of tho values of the charges, 
and is, moreover, rociprooal — that is, the poles A and B 
can ho interchanged. Hence the law (107) which allows 
the external space to be represented on the iirternal space 
and vice versa, is also called the law of “ reciprocal radii.” 
From (106) wo also get for the charge on the image 
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This completely solves the problem. The surface-density 
of the charge bound on the sphere comes out from (03) 
and (104) as : 



(109) 


where ?•(, denotes the distance of the point of ].’eforoneo P 
from 0, which coincides with the inward normal of the 
surface of the insulator. To find the total charge on the 
sphere wo must integrate Mg over the whole surface of 
the sphere. But we get this more easily by remembering 
that the total charge is determined by the liiix of induction 
through the spherical surface and that this flux of induction 
remains the same even if the conducting sphere is removed 
and we imagmo instead tlie polo B carrying a chai-go c 
to be present in the vacuum. Thus the charge is 
responsible for this flux of induotion, and honoo is the 
total charge bound on the earthed- spherical surface. 

The preceding calculation also disposes of the case 
where the sphere is not earthed but is insulated and 
provided with a given oliarge. Eor wo need only sujpor- 
imposo on the density of oharge h, bound on the sphere 
by the oharge at the pole A, any othei; arbitrary uniform 
positive or negative density of oharge to obtain an olGot].’o- 
statio field that corresponds to any desired total chai'go 
of the sphere. For example, we have only to distribute 
the charge —e uniformly over the spherical surface to 
find the electrostatic field that is produced Avhon an insu- 
lated uncharged sphere is placed opposite an electric polo A . 

In all the preceding cases we can, of course, exchange 
the oi^ter space with the inner space — that is, the potential 
(104) also gives the field in the interior of an evacuated 
hollow sphere whose surface is earthed and in whoso 
interior there is a pole B carrying the oharge The 
oharge. —e^ bound on the spherical surface by acts in 
the whole of the interior of the hollow sphere like the 
image A with the charge e^. 
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§ 23. Auotlior method of fliiding 2 ^articular s{3liitiond of 
Lajplaco’s equation (69) dciDondH on the introduotion of 
space co-ordinates instead of tlio roctangnlav co-ordinates 
a*, y, z. Wo shall therefore now oxjDross the quantity Af^ 
by new curvilinear co-ordinates, and for this innqDoso we 
shall assume a, y, z to bo certain given uniform and ooii- 
tinnous functions of tho three new variables A, fx, v. 

To arrive at tho general forinulfo of transformation wo 
form the differentials : 








( 110 ) 


and consider tho niiio dilloroutial oooiTloionts in thorn as 
ooiistaiit, but tho six dilTorontinls as variablos — that is, 
we iiiveatigato tho rolationships between tJ\o ol<l and tJio 
now oo-ordinatos in tho immediate neighbourhood of a 
doflnito favoured point (a;, y, z, A, /4, lO which wc shall 
call A, Wo obtain as tho square of tho distanoo (Is of 
any infinitoly near point P, having tho oo>ordinatos 
(a; + dx, y -H cly, . . ,), from tho point A tho sum of tho 
squares of tho three diilorontial oxin’oasions (HO) — that 
is, a liomogonooiia quadratic function of tho differontials 
dX, dix, dv. Eor the sake of simplicity ^vo slrall, howover, 
now introduce tho restriotivo assumption that qiiito 
generally : 


dx 0a; I % _ 0 

eA^^”^ 0A^'''0A0/x~^ 

4 _ ^ 4 , ™ ~ 0 

djxdv dfxdv d/xdu 

dv 0A 01^ 0A dv 0A 


( 111 ) 


A¥e tlaen have : 


(Is^ = dx^ H- dy^ H- dz^ 


dX^ 


dfx^ 

Jj?a 
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wlioro wci lifivo used tlio abbreviations : , 

“ (gfT + (If)' + (I)'’ 

with tho resbriotion, that A, M, N bo positive. 

If wo now write the equations (110) in the lollowing 
loi’jn ; 


dx -- 


dX , 

. 

("D 

j- . 

(»i) 

di> '■ 

'N 


dij = 

= (-> 1 ) 

dX . 
'A 

\ Oil' 

dll 

M 

(^1) 

du 

"N 

■ (11J5) 

dz = 

■ (-^ 1 ) 

A ^ 

(^|) 

M"^ 

(»s) 

dv 

'n] 



wo can givG them a very clear meaning. Eor if wo roHeot 
that tho nine constant coefficients, detorminocl by tho 
position of A and enclosed in braokots — ^wo slrall call 
thorn aa) «3> Pu Pa, pgj yn Va* ya— s^'tisfy, by (112) and 

(111), tho six ooiiditions : 

+ Pi** + yi^ - 1, . . . 

“i«a + PiPa + yiya - 0 , ...... . 

then tlio equations (113) may bo interpreted, aooordiiig 
to I, § 66, as the relationship between tho oo*ordinatoa 

ihi ihjt dz and the co-ordinates — of the point P 

in another similar rectilinear system of reference, which 
has tho same origin A, whose position is defined by tho 
mno direotion-oosmes in such a way that the' co-ordinates 
iT, y, z correspond to the letters «, p, y and tho oo-ordinatos 
A, /X, V correspond to the numbers 1, 2, 3. Wo shall 
asaiimo tho latter system also to bo right-handed; this 
can bo effected by exchanging A for /x if necessary. Then 
all tho relations already derived in I, § 146, will hold for 
tho direotion-oosines^ thus : 
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Furtlior, the converse equations also hold : 


01 


A 




dz, 


Tlioso, when combined with tho identities : 

3A 7 , 9A 7 I 9A 7 

give us tho nine relations : 

?A_ .2% 

dx “ 9A’ dy " ^ 0A’ ' ■ ' 


( 114 ) 


by which wo can transform from the differential equations 
with resiJeot to x, y, z to those with respect to A, /x, v. 
Fj.*om them there also result the following tlnce equations, 
which correspond with the equations (111) : 


9A dfM . 8A 3/i , 0A ^ 


0 , 


. . (116) 


which state that tho throe families of surfaces A = const., 
fjt. M const., V “ const, are evorywhore orthogonal to each 
other. Henoo tho equations (116) or the equations (111) 
which are equivalent to them are also called the conditions 
of orthogonal suhstUution, and the quantities A, v are 
called orthogonal co-ordinates. The points A and P can 
bo regarded as opposite corners in each of two infinitely 
small rectangular parallelepipeds. The one is bounded 
by the surfaces : 


X == const., X -{■ dx <== const., 

y = const., y + dy ~ const., . . . 

and has edges of length dx> dy, dz. The other is 
bounded by the surfaces A — const., A + ^^A = const., 
y. = const., /X -h . . . andhas edges of length 

Vb'W 
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To enable ns to express tlie quantity A0 as simply as 
possible in the new co-ordinates wo nse the identity : 

lA^.dT=^~l^ds, . . . (117) 

and apply it to the second of the two infinitely small 
parallelepipeds. The space-integral on the left then 
I'educes to the single term . dr, where dr has the 
value (116), whereas the surface integral oir the right 
represents a sum of six terms, corresponding to the six 
faces. The size of the side A = const, is : 


ds 


d^i dv 

M 'N' 


Eurthev the element of length of the inner normal is : 


dn = 


dX 

A 


so that tlio term to be used in the oaloulation is : 

To it there must be added the term referring to tho 
opposite side A + = const., which differs from the 

former only in having A + dX in place of A and tho sign 
of tho inward normal reversed, thus : 

&ds) .dadv. 

^dn ^dX MN-'x+tu ^ 

If tliese two terms are added together wo get : 


and if this is substituted with the corresponding expres- 
sions for n and v in (117) we get the desired relation for 
expressing A^ in arbitrary orthogonal co-ordinates : 
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§ 24. I?o take a simple illustration, let us apiily the 
equation of transformation (118) to the ordinary polar 
co-ordinates j 

. X = r sin 0 oos if), y = r sin 0 sin i/;, z = r cos 6 . (1 10) 


by identifying r witli A, 0 with /x and tjj with v. 1’he fnot 
tliat these co-ordinates arc ortliogonal is seen clearly 
from the fact that tlie equations (111) liold. From (1 12) 
we then get : 


1 

A 


= 1 , 


1 

M ~ 


1 

N 


= r sin 0, 


All tlie other relations follow from this, 
by (114): 


dr_^ dx 
dx ^ dr 


(of. n,§6fi) 


For example, 


and further, by (110) : dr = r® sin 9 dr dO diji (of. I (03)). 
And from (118) wo got ; 


A0 a 



a result wliioh can bo obtained only by laborious oal- 
onlations if wo transform dirootly according to (119). 

For the special ease in which the potential ?/> depends 
only on r and not on the angles 9, ifj, we get from (120) : 



and Laplace’s equation runs : 



from which we get for the general integral : 




const. 

r 


+ const. 


which is Newton’s potential with a constant added. 
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§ 26. We shall now make another application of the 
equation of transformation (118), which will lead us to a 
now particular solution of Laplace’s equation. 

We first define a function it of the three co-ordinates 
ic, y, 2 and three positive constants a > 6 > o by means of 
the following equation : 


, y^ , _ 

u~^ u'' H- u 


1 = 0 


( 122 ) 


As wo see, this does not uniquely define Ratlior, 
since the equation is a cnhic, u has three values which in 
general differ from one another. The fact that those 
three roots are always real can be seen if wo allow u to 
increase continuously from — co to -I- co and investigate 
the course of the values assumed by the quantity on tlio 
left-hand side (whioh wo shall call F) of (123). Wo got 
the following table : 


Eor : 

— 00 < u < — 

— <u< - 

— 6 ® < < - 0 ® 

— 0^ < w < + CO 


We got 5 

- 1 > J > - CO 
+ 00 > J?’ > - CO 
4- 00 > J?’ > - CO 
4 - 00 > > — 1 


This shows that the equation J =■ 0 has three real roots 
for u, whioh we shall call Aj /x, v, in order of magnitude. 
Then : 

4- co^ A^ - /x> - . . (128) 


These statements uniquely determine the quantities A, /x, v 
in terms of the rectilinear co-ordinates a:, i/, 2 of a point. 
We call them the elliptic co-ordinates of the point, heoauso 
the surfaces A = const., jj, = const., v — const., as we see 
from (122), are the equations of an ellipsoid, hyperboloid 
of one sheet and hyperboloid of two sheets. Even if it is 
not possible to represent A, p, v explicitly in a convenient 
form as functions of x, y, z yet conversely x, y, z can be 
expressed in a simple way by means of A, jx, v. A very 
direct method of doing this is as follows. We suppose the 
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function (122) to be reduced to a common-denominator. 
Tlie numerator then reiDi’esents a complete function of the 
third degree in w, which, by introducing the roots A, /x, v, 
can be written in the form of a product of three linear 
factors in the 'following way : 


. -(^-A)(^-/i)(^-r) q24) 

-!- u~^ -I- u~^ c^ + u {a^ + li) {b^ + u) (c® + ^l-) 


Wo must bo careful to see that the coefficient of is 
the same on both sides of the identity. 

The meaning of the relation (124) is that it is an 
identity which Irolds for every value of u, if wo regard 
A, IX, V as functions of x, y, z, a, h, c. Hence (124) remains 
true if wo set u — — in it. But on the left-hand side 
only the first tel'in remains, since it becomes infinite 
compared with the following terms. So wo got : 


-I- A)(tt’^ -t- iM){a>^ + v) 

In tho flame way by oyolio exchange : 

{h^+X)(b^ -t- ^)(6a 
y (6a-oa)(ia_ft2j 

a (o^ + A)(o^ H- /^)(o^ + 1^) 




- ft2)(c2 - b^) 


(126a) 


(126&) 

(126c) 


By referring to (123) it is easy to see that the quantities 
(126) are actually all positive. But at the same time we 
see that, corresponding to a definite system of values of 
A, fx, V, there is not merely one, but eight systems of values 
of X, y,z\ that is, eight different points of space, sym- 
metrically disposed in tho eight octants, correspond to 
each definite system of values of A, /x, v. To make the 
coiTOspondonco unique wo shall henceforth assume tho 
]joint to lie in tho first octant — that is, wo shall assume 
that X, y, z are all positive. 

Above all, we must now prove tlrat tho transformation 
is orthogonal, This is done by calculating tho expressions 
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(111). Wo thoroCoro dilToroiifciato (125ri) willt 
to A : 


2.^ 


dx {a^ -I- -I- 1 ') 

9X " (a« - Wta • 


Dividing by (125fi) wo got : 

I “ 25?t A) i " 2{fA. ,.) 


. (1^0) 


If wo insorb all thoao valuo.sj in (11.1) and tlion miliHtitnU' 
the values for x^, y^, z^Jroin (125) wo son tluit tlio (unj- 
ditioiis for orthogonal transformation aro all fiiKUlod, 

Wo have next to oaloulato tlio quautitios A, M, A^ 
Dor A wo got by (112) and (12(1) : 

_1 1/ f . 's® ] /|07\ 

A^ “ I\{a^ -h A)« WVW ‘‘ ((’“'•i-"Ap) ' ^ ’ 

To transform this exproasion oouvoiiiontly into ono 
which depends only on A, [x, v, wo first dilTcimutiaU' tho 
general identity (124) with rospoot bo % obtaining ; 

, jt. I {i/' - X)(« I') 

(o^Tlip (F -i- ^t)*® -i- :[:: 

. i ,i .... 1 A 

\u — A W - /r u-'v P 'h n P *h w u) 


and substitute in it '= A. It tlion follows, sinoo only 
the first term in tho outside braokotB on tho right-liniul 
side remains, that : 

— (A -- m)(A v) 

{a^ + X)^ {62 + A)2 (o^^-i- A)^" ' 

Accordingly, by (127) : 

/I = 2 

Likewise : 


V {X ~ 
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and : 

. (138c) 

V {v-.X){v-[m) 

All three are positive real expressions. If wo substitute 
them in (118) we got Laplace’s equation in olliptio oo- 
ordinates. 

Wo shall now see whether the equation = 0 can bo 
satisfied by the assumption that (jy depends only on A 
and not on fx and v, as this cannot be answered without 

investigation. So wo now set ^ = 0 and = 0 and 

aix du 

obtain for Laplace’s equation by (118), using the expres- 
sions (128) : 

A)(6^ -f A){c2 +A)^) = 0 . . (129) 


from which all the torjns containing fi and v have can- 
oelled out as factors. The particular circumstance that 
tho_ difUerential equation (120) contains only the one 
variable A shows us that the suggested solution is possible 
and we can now obtain it easily from (120) by integrating 
twice. The solution is found to bo : 




A 


9A “ V(«^TA)(&2':jrx)>a'+ X) 
and : 


(A « const.) . (130) 


fZA 


^0 V(a^ + A)(i2 -I- A)(c 2 -ill) * ■ • ■ (131) 

By (122) the oqxiipotontial surfaces are a family of con- 
focal ellipsoids to which tlio ellipsoid A -• 0, that is, 

a!® 1/^ 

S5 + ^ + 3-l = 0 . . . (132) 


whoso semi-axes are a, h, c, belongs. For A = co we obtain 
tile infinitely groat spherical surface : 


A . 


1 = 0. 


(133) 
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whoso ratlins is VX. And lor A -- f;a 
infiiritoly thin ollipbioal discs : ^ 

ia_ (.a I 


<1 
..a ' ’ 


0 


■ . (134) 

Tho two intogration oonstautH ^-1 aiul An in fi^n 
dotorminod if tho vahioH of tlus ])o(iontial rA on anv 
ociuipotontial surfaocss aro givon: If, Xor oxainplo wo 
aasumo <Ij - 0 at infinity and 0 I. on tlio olHpgoid (\ 
then ,/, = 0 for A co and ,/, =. 1 l,.r A o. L, l,y 
(L31), Aq == CO and: ' 

^ *A VMTXmPh- 

whoro, for brevity, wo iutvoduco a positivo oonstant of the 
(limonsions of tho rooiprooal of a length tluis j 

f/A 1 

'WTimT\r”j • • 


/ 


^0 V(««71p^^ Aj(ti» -f A) 

'l?lio oxproBsioii (130) dotonninos tlio olootrlo field of tlio 
oonchiofclng ellipaoid (132), which is ohEvrgocl to nnit 
potential, in tho whole of tlio oxtornal simoo. iriie density 
of olinrgo h at any point of tho surfaoo follows by (63) 


from the valno of bub wo mitab obsorvo that the 

oIoniQub of longbh of bho nounal to the olli]>soid is nob dX, 
but Wo oaloulato tho total ohargo e on tho ellipsoid 

moat simply not by intograbing Ma, but by dotormining 
tho flux of niduotion through tho infinitoly distant spherical 
surface (133) of radius VA. For this wo have, by (13S) : 

dX 2; 

vr 

On bho other hand., tho potential nb tho groat distance 
V A is, since tho ollipsoid can bo oouBidered as a singlo 
polo in this oaso : 


^ I, j - 
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Consequently e — 21. Unclor present oiroumstances 
this is simultaneously the electric capacity G of the ellip- 
soid, and hence by (130) : 

} r . (137) 

From this it follows, just as in (95), that G = li for a 
sphere of radius E = a — b = c. For a ~h > c (flat- 
tened ellipsoid of rotation, and for a > b ~ c (elongated 
ellipsoid of rotation) the integration of (137) leads to an 
expression involving circular functions or a logarithmic 
expression, respectively. In tho former we have the special 
case 0 = 0 (circular disc of radius a) : 

C = (138) 

7T 

In tho second case we have for b = o, both being infinitely 
small (infinitely thin wire of length a and diameter 2b ) : 




, 2a 
log-j- 


(139) 


Since the denominator is infinite, G is infinitely small in 
this case. I-Ienoo oven if an infinitely thin wire has a 
finite potential it has only an infinitely small charge and 
consequently produces only nn infinitely weak eleotrio 
field at finite distances. 

§ 26. In this last section of the chapter we shall go 
a stop further in the theory. Wo have learned two 
totally different ways of investigating electric fields, which 
are fully equivalent to each other in electrostatics. Each 
has its special advantages. Tho one starts from tho 
theory of contiguous action and links up with tlie idea of 
a Stream of liquid, tho other originates in tho theory of 
action at a distance and operates with Newton’s law of 
gravitation, requiring, however, tho introduction of free 
electricity in place of true electricity. Now we have 
already explained in § 1 of tho present book that there is 
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only one theory of contiguous action but sovoral thoorios 
of action at a distance. We can uso this arbitrarino.ss in 
the theories of action at a distanco to roduoo all free oUiO- 
trioity in principle to true oleotrioity by modifying our 
point of view to a certain extent. This modification 
appears here only as a mathematioal transformation. 
Nevertheless, it has proved extraordinarily fruitful in 
developing the theory— namely in extending it to bodioM 
composed of atoms. For, by (73), wo oan always write 
the potential of an electrostatic hold, whioii is duo to 
arbitrary charges situated at the surfaoO'Olemonts da of 
conductors and insulators, in the form : 




h - h' 


da => 00 -I- 01 . 


im 


Here the fost integral, 0 o is iihe potential of tho truo 
eleotrioity—that is, the potential which tho true charges 
would call up if the vacuum were tho only insulator pre- 
sent; whereas the second integral 0 ^ whioh lias boon 
taic^ negative_ represents the oorrootion whioh must bo 
applied to 00 if the eleotrioal proportios of tho boclios 
donate from those of a vacuum, To transform y,, wo 
lutroduoo the vector : ^ 


D-^E 6-1 

. . (HI) 

In view of (41) and ( 88 ) we can then wx'itc ; 



. . (142) 


suriaooflTth™ “ bounding 

^ oonduotors and insulators, and the 

integration are But'thi’s Laoe iXg™TLy 
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also bo writton as a spaco iiitogral. !L''or if, by integrating 
by parts aocording to II (79), wo transform tlie integral : 


/ d- d- 9- 


(It 


(143) 


which is to be taken over the whole of iniinite space, 
into another spaco integral and a surface integral, 
reinomboring that on account of the discontinuities of tho 
vector M, tho whole spaco integral is to bo treated before 
tho t].’ansformation as tlio sum of tho space integrals 
which are to bo taken over the individual homogeneous 
bodies, just as wo had to do in tho case of- tho space 
integral (37), thon tho integral (143) comes out as : 


dMs 


9M,, , 9Mj\ 

-gif' + if J 


(It 


M'., -I- M, 


r 


irfa . (143a) 


or, sinoo tlio first intogral vanishes on aooount of (141) 
and (150), this equals f/^i. Eonoe, substituting, wo got : 



Acooixling to this expression tho potential of tho Hold 
is oom])osod of tho true ohargos and of tlio sum of certain 
potentials whioh aro duo to tho individual spaco-olomonts 
(h of tho insulators, since M 0 for oonduotors. A 
potential of this Icind duo to tho spaco-elomont ch : 

/ gi d~ d-\ 

may bo interprotod, according to II (339), as tho potential 
of a " double polo ” or “ dipole,” whose moment and 
axis are represented by tho vector Mdr. It is the potential 
of two infinitely near equally and oppositely charged poles, 
and is fully analogous to tho velocity potential of a double 
source in hydrodynamics ; tho moment is tlio product of 
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the charge on one pole and the distance ; the axis is th o 
direction leading from the negative to the positivo polo. 

In so far as the volume-element of an insulator is 
regarded as the seat of an electric dipole, it is said to bo 
electrically or dielectrically “ j^olarizod.” The vector M 
of polarization is, by (141), proportional to the local 
intensity of field E : 

M=k.E (MO) 

where the constant : 


K — 



(147) 


is called the electric “ susceptibility ” of the insulator. 
Only a pm'e vacuum is unpolarizable ; for all other in- 
sulators K has a positive value, small or groat. 

The introduction of the oleotrio polarization, whioh, as 
we see, renders the conception of free oleotrioity super- 
fluous, has only a formal significance hero wlioro wo regard 
the dielectric constant c as given from tho outset. Rut 
electric polarization acquires a real physical content whon 
we raise the question of the nature and oauso of diolootrio 
constants — a question whioh can, however, bo answered 
only by maldng atomistic hypotheses — and it becomoH 
imperative to find an answer if we wish to account fo]‘ 
tliose phenomena in whioh the quantity e no longer acts 
as a constant. In this case v,'q have to imagine tho 
dielectric effects of an insulator as being duo to tho 
actions of an enormous number of small dipoles whioli 
he very close together in an electrically excited vaouum, 
the moments of the dipoles being determined by tho 
intensity of field, just as in §16 (Fig. 2) the insulated 
conductor m the homogeneous field undergoes a dofinito 
S field ™ P'^l^^^zation owing to the external intensity 
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ELECTROSTATIC EIELB WITH CONTACT 
POTENTIALS 

§ 27. In tlio preceding oliaptor wo made use of the 
simplifying assumption that the contact potential, which 
is represented by (01) and is constant along the common 
boundary surface of two substances, but is dependent on 
their chemical constitution and temperature, can bo 
entirely neglected. Hero we shall discuss the charac- 
teristic plionomona that apjpoar whore contact potentials 
exist. An important distinction arises according to 
whether only two substances touch at all the common 
bounding surfaces between the system of conductors and 
insulators in q^uostion or whether there are also boundary 
points at which three substances moot simultaneously. 

In the forjnor case the ocourrenco of a contact potential 
— that is, an abrujpt change of potential at the eommon 
boundary surface of two Bubstanoos, no matter how great 
it may bo, has not the slightest inlluonoe on tho consti- 
tution of tho electrostatic fiold. l?or all the measurable 
quantities, such as tho hold strength and tho densities of 
charge of tho true and of tho free olootricity, retain exactly 
tho same moaning as if tho potential wore continuous 
throughout, since only tho differential ooeiTicionts occur in 
them. Tho only difforenco is that tho potential itself 
undergoes a dofinito sudden change in tho passage from 
one substance to another. Eor example, if wo have tho 
boundary surface of an insulator and a conductor and call 
tho contact potential JHqi = - this is the change of 
potential in passing from tho insulator (0) to the con- 
ductor (1)— tho sudden ohaiigo is, by (61), tho same on 

73 
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the whole boundary surface of the two suliatanoos and 
produces no change in the boundary conditions for the 
held components and the charges, and licnoo also no 
change in the properties of the electrostatic hold, .if or 
this reason, too, the quantity coniplotoly oludos 
measurement. 

The position becomes quite difCerent if a substaneo 
touches not simply one other substance, but two or more 
simultaneously. For then there aro certain f'avoui’od 
boundaiy curves in which the three substances ineot, aiul 
special conditions arise for these singular points. Wo 
shall here investigate further the most important case 
when two conductors 1 and 2 (say copper and zinc) touch 
each other and aro also in contact Avith a common insulato].’ 

0 (say air). In Fig. 6 the con- 
ductors — whoso form is of no con- 
sequence — aro oonooivod as root- 
angular blocks. Let tho singular 
boundary ourvo run at right angloH 
to the plane of tho drawing, inter- 
sooting it at tho point P. Lot tlio 
oontaot potentials at the tln’oo 
common bounding surfaces bo 7!?oi, 
■® 02 > -^12 with tho intorprotation 
which was given above. We can then follow out tho 
behaviour of the potential function ^ if wo take tho 
reference-point along any curve, say, a cirolo, in tho piano of 
the drawing and encircling the singular point P. ^''e shall 
begin with a point A in the insulator 0, close to tho surf aoo of 
the oonduotor 1 and shall call its potential at this point 
The potential at a point B beyond the bounding surlaco 
is then and this value is retained in tho avIioIo 

interior of the conductor 1 up to the transition from 0 to 
D in the oonduotor 2, where the value changes to -|- 
■®oi + Pi 2 . which holds for the whole interior of 2. 
Finally in passing from E to P back into the oonduotor 0 
the potential becomes : 

+ -®01 h + P20 = ^2 



Air 
Fio. 5. 
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and this valuo is constant in the insulator along the whole 
surface of oontaot with the conductor 2, wliilo the value 
(/>! holds everywhere on the surface of 1, 

Since in general the sum of the three (Quantities JJJ will 
not ho equal to zero, the following constant QDotential 
difloronco will exist in the insulator between each two 
l)oint8 that lie on the surfaces of tlie two conductors : 

= = , . (148) 

'iriiis is called the VoUaio conlacl 2Jolential of the two con- 
ductors. Its valuo is doi)ondont on the chemical con- 
stitution of the two conductors and of the insulator, but 
docs not doponcl on tho charge or the potential of the 
system of conductors. In tho case oonsidorod (1 copper, 
2 zinc, 0 air) E is positive, that is, tho ];)otential at the 
conductor 2 is greater than at tho conductor 1. Expressed 
diagrammatioally : 

E « air | Cu -I- Gu | Yax -I- 7a\ | air > 0 . {148a) 

Since tho siirfaoes of tho two oonduoto],’8 represent dif- 
fo],’ont oquipotential surfaces, linos of force pass through 
the insulator from the one (2) at tho higher potential to 
tho other (1) at tho lower potential, say in tho form of a 
oiroular aro FA, T'hus there is an olootrio Hold in tho 
insulator whose intensity as wo approach the singular 
boundary curve actually becomes infinite because there is 
then a finite potential di*op over an infinitely short distance. 

Tho problem of determining this electric field presents 
no obstacles apart from the mathematical difficulties. 
To overcome them wo first suppose tliat wo have obtained 
tho function fi wliioh with its first diJierontial ooofficionts 
is uniform and continuous in tho interior of tho insulator ; 
also, it satisfies Laplaco’s equation, vanishes at infinity 
and has tho value 1 at the bounding surface of tho con- 
ductor 1 and tho -value 0 at that of the conductor 2. 
According to tho gonoi'al theorem proved at tho end of 
§ 10, there is only one such function fi. In tho same 
way we suppose tho oorrosQ^onding function fz to have 
boon calculated, which has the value 0 at the boundary 
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surface of the conductor 1 and tlio valiio 1 at that of tho 
conductor 2. The potential at any point of tho insulator 
is then : 

^ = .... (140) 

The two constants (j>i and ^3 in this equation can bo 
determined by means of tho oq^uation (148) combinod 
with the equation wliich gives either tho total oliargo on 
both conductors or the potential of one of thorn. 

The expression for the potential (f> oomplotoly dotor- 
mines the electrostatic field for the insulator in tlio avoU- 
Imo^vn way, also the densities of oliargo at tho surfaoos 
of the two conductors. This solves tho whole problem, 
since the intensity of field vanishes ovoryu'horo in tho 
interior of the conductors. From tliis wo see that tho 
three contaot potentials ^20 ooour only in com- 

bination in (148), so that it is ossontially impossiblo by 
means of electrostatic measurements to diaoovor tho 
contribution made by any one of them to thoii.’ sum E, 

A second important consequence is that tho oloctro- 
statio field does not depend at all on tho form of tho 
common boimdary surface of tho two conductors 1 and 
2, smoe this surface plays no part in calculating tho 
functions and /g. If therefore wo change the surface, 
while keeping the singular boundary curve (012) fixed, so 
that the surface keeps close to tho boundary surface (01) 
along Its whole course and so makes tho conductor 1 
contract into a thin layer, the electric field retains its full 
intensity. This shows us what an important influence a 
thm conducting layer over a body has on its elootrioal 
properties. If the layer is just thick enough to be regardocl 
as homogeneous it exerts an action electrostatically which 

whateoeveT”'"^^^^^ ^ layer of any tliiolaacsa 

§28. :Ut us uow also consider an electrostatic field 
mft contact potentials from the point of ™w of action 
at a distance. For simpHoity we shall negleot the dieloo- 

“d shall assume € = 1, 
thus Identifying the true electrioity with tho free oloo- 
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trioity. The q^uostioii is : how is an oleotrio charge to he 
distributed over the common boundary surface of two 
substances so that it produces an abrupt change of the 
potential at this surface? The answer to this question 
is obtained if wo suppose the abruj>t transition of potential 
first to be replaced by a steep ascent up a short hut 
finite distance and then proceed to the limit. If the 
potential undergoes a finite change within a very small 
piece 8 of the surface normal, we have, by § 16, the 
olootrical field of a oondenscr, and the change in potential, 
wliioh wo shall call (// — is, by (69), connected with the 
density of charge h of the condenser by the relation : 

0' — 0 = 477 A ' 8 . . . ■ 

If wo pass to the limit 8 = 0, then, if the sudden 
potential change is to remain oonstant, the product h . 8 
must have a finite value gi that is, at every surface- 
clement da wo have an oleotrio dipole whoso moment is 
the product of the charge lida and tho distance S between 
the two ohargoB, that is, gda, and whoso axis is tho direc- 
tion of the surface normal v, taken from tho nogativo to 
the positive charge. A charge of this Idnd arranged in 
tho form of oleotrio dipoles on a surface is called an 
oleotrio doubU4ayer of moment [/ ( > 0). As tho roforonoo- 
] 3 oint passes from tho negative to the positive side tliis 
double-layer causes an abrupt change of potential : 

(j)' — f/i = 4:7r£i' (161) 

Since this ohango is constant all along tho surface wo 
must also regard g as oonstant and so oonsidoi’ tho double- 
layer as homogeneous. 

Following on this wo shall now establish generally the 
potential funotion of a homogeneous doublo-layor spread 
over a given arbitrary surface and having tho moment g 
and tho direction of axis v. For this we got by oom- 
parison with (146) tho expression : 

( 
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where da denotes an oloment of surface, ^ 7 ^ $ its oo-ordi- 
natos, and g,, the components of tho vector g which 
lies in the direction v. Or also : 

d- 

(in^) 

and since the double-layer is homogeneous : 

d- 

^l’ = ol£da (,lfi:i) 

This quantity allows of a simple geomotrieal inter- 
pretation, Eor if we write ; 

.... (16-1) 

and rofloot that ^ is tho cosine of the angle which tlio 

radius vector r, ch’awn from the referonoo-pchnt {(cyz) to 
the surface-element da, makes with tho normal to tho 
surface v (this angle is positive if r increases simultaneously 
with V, that is when tho reforenoo-poiiit lies on tho 
negative side of the double-layer), then tho produot of 
this oosinO' with da is tho normal oross-seotioii of tho 
infinitely thin cone which has its vertex in tho roforonoo- 
point and which is out out of tho double-layer by tho 
surface-element da. This cross-section divided by gives 
the small area wliioh the same cone outs out of tho unit 
sphere described about the point of roforenoo as oentro, 
that IS, the “ angle of aperture ” (“ solid angle ” or “ ap- 
parent size”) dQ of tho surface-elomont da from tho 
point of view of the roferenoo-point. Hence by (154) 
we got on integrating that : ' ^ ' 


r y IlUO; 

where Q denotes the absolute value of tho anglo of 
aperture of the whole double-layer and tho positive or 
negative sign is to be taken according as tho douhle-layor 

turns Its positive or its negative side to tho roforonoo- 

point* 
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TliG most romarkablo featui’o about tho preceding 
relation is that the angle of aperture ^3 and conge quontly 
the potential «/> depend only on the boundary curve of 
the double-layer and not in the least on the form of the 
sin-face over which it is distributed. For if wo alter the 
surface, while keeping the boundary fixed, the angle of 
aperture obviously alwayvS I’oinains the same. 

If the double-layer has no boundary at all, that is, if it 
completely encloses a certain volume of space, its potential 
(j) can easily bo given, since for any arbitrary roforonco- 
point that lies within the apace Q is equal to the whole 
surface of the unit sphere, that is, ‘kir. Consequently, if 
the inner side of tlio double-layer is positive, r/j '= iirg. 
But for an external point the double-layer resolves into 
the two parts marked off by the cone of contact from the 
roforonco'point to the surface. The angles of aperture of 
those two parts of the surface are equal, but their charges 
are opposite ihaamuoli as the one turms its positive side 
to the roforonoo-point and the other its negative side. 
Henoo tlie potentials duo to thorn cancel out and rj) =* 0. 
lionoo when the roforonoo-point passes through the double- 
layer the potential ohangos suddenly by the amount 
wliioh oorrosponds exactly with the equation (151) which 
was deduced foi: another case. 

It can easily bo soon that the equation gives quite 
generally the I'olationship between the sudden change of 
potential and the moment of the double-layer. [Ifor the 
])otential “ jump ” can depend only on tho nature of iilio 
double-layer at the point whore tlio roforenoo-poiut pagsos 
through it, but not on its nature in surfaoo-elomonts at 
finite distances, whoso potentials are all continuous. 

^Vo next inquire into tho behaviour of tho fu’st dilfor- 
ential coefTioients of a homogeneous double-layer during 
the passage of the roferenoo-point tlirough tho layer. It 
is obvious that tho tangential diForontial coehioionts 
remain oontinuou.s, since wo got the value zero for the 
difEeronoo of tho diil'orontial coclFioionts (jf 0 and <j) with 
rospeot to any direction lying on the surface, when wo 
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differentiate the equation (151), which holds all along tho 
surface. But neither do tho normal cUfEorontial ooo/Ti- 
oients rmdergo a sudden change. Eor in tho case of a 
closed double-layer those are, by what has boon said 
above, equal to zero both in tho outward and in tlio 
mward direction, that is, they are oontiniious ; and they 
must retain the same property for any doublo-layer, since 
a boundary curve that lies at a finite distance can have 
no influence on the properties of continuity. 

The first differential ooeffioients of tho potential func- 
tion also give the direction and magnitude of tho foroo 
exerted by the double-layer on a charged reference-point. 
The force is zero throughout for a closed double-layer, 
both inside and outside, and for an unclosed doublo-layor 
the force depends only on tho boundary curve. In other 
respects the position of the surface for tho electric field 
produced by the double-layer has no physical signifloanoo 
at all. The electric lines of force start from the positive 
layer (§ 16) and pass outside around the boundary curve 
to the negative layer. The beginning and tho end of iv 
line of force coincide, however, in such a way that the 
beginning of the line of force can be regarded simply as 
the continuation of tho endj without a physical discon- 
tinuity manifesting itself. In the neighbourhood of tho 
boundary curve the lines of force that run round it con- 
tract to small circles, in which the field strength is very 
^eat, because the finite drop of potential ocoura over a 
short distance. The conditions here are precisely liko 
those in the case of the velocity potential and the stream- 
lines of an infinitely thin vortex-ring in an incompressiblo 
liquid. Cf. II, § 76. 

Eor example, let us calculate the potential and tho 
field strength of a circular double-layer of radius i? at a 
reference-point on its axis. We take the axis of tho 
double-layer as our positive z-axia. The solid angle sub- 
tended by a reference-point on the positive side of tlio 
layer at a distance z from the centre of tho disc is then : 

O J J sin &. dd . dt/> 
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whore tho limits for are 0 and 27 t and for 0 are 0 and 
tan~^ This gives us: 





-r 


(156) 


and so by (105) : 


tjy - 27rg(l 

whereas for a rofcronce-point on the negative 
layer {z < 0) tho following relation holds : 


(157) 


side of the 


(j) ~ — 27t(/ (14- 




(167a) 


If the roforence-xioint passes through the layer from 
tho negative to tho positive side the potential jumps 
from — 27rj7 to -I- 27r{/, oorresponiing to oq.uation (161). 
On the other liand, tho differontial oooffioient j 


dz 


2iTli^g 


E» 


(168) 


is oontinuous throughout, oven in passing through tho 
layer. It retains its value if wo suppose tho double- 
layer to bo distributed over any surface whatsoever 
bounded by tho oirolo in question. Only tho circle itself 
has a physical significanoo for tho field excited by the 
double-layer. Tho field-strength is, as we see, positive 
throughout and symmetrical with respect to the plane of 
tho oirolo. On tho positive side tho repulsion of the 
positive layer jn-odominates, on tho negative side the 
attraction of tho negative layer predominates. At infinity 
tho field-intensity is equal to zero ; it attains its maximum 
in tho plane of the oirolo, namely : 


J3* = ' 


^rrg 

B 


(160) 


§ 29. We have now become acquainted with throe 
different lands of potential functions in all : those relating 
to masses in space, surface masses and homogeneous 
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double-layers. Poisson’s equation I (132) for the apaco- 
densifcy k is oliaraoteristio of the first of these; in this 
case tliG potential and its first differential coofificionts 
remain oontinuoiis. The second kind is charactorizod by 
the discontinuity (86) in the normal differential coofTioiont 
duo to the surface-density h ; the potential again ronuiius 
continuous and Laplace’s equation is everywhere satisfied. 
The third kind is characterized by the discontinuity 
of the potential itself caused by the moment g ; lioro bho 
differential coefficients remain continuous — and Laplaco^s 
equation is again satisfied. 

Conversely, every arbitrary given uniform function f of 
the space co-ordinates a, y, z which with its difforontial 
coefficients can also be discontinuous at definite surfaoos 
and which vanishes at infinity, can always bo reprosoutod 
in a unique way as a. potential function of gi^avitatiiig 
masses situated in finite regions, the masses being clis- 
tributed partly in space, partly over surfaces and partly 
as double-layers. For if we use (161) to oaloulato .from 
the abrupt transition of /at the surfaces of disoontiimity 
the value of g and (86) to calculate the value of li front 
the sudden change in the normal differential aoeffioioiit 

and finally the value of h from the value of A/ by 

means of Poisson’s equation (I (132)), and then WL'ito 
down the potential function : 

gl 

^ +i^+f-r- • • 

we find that the difference ^ regarded as a funotiojr ol 

following properties. It is uniform and, 
with its first differential coefficients, everywhere oontinii- 
ous, since the sudden changes in <f> and / under oonsidona- 
tion everywhere exactly cancel. Further, it satiefioa 
Laplace s equation and vanishes at infinity. Henoo by 
the general theorem proved in § 19 it is equal to zoro, 
thatis, <^=/. 
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The three oharaotoristic relations between the space- 
density h, the surface-density h and the density g of the 
double-layer, on the one hand, and the potential function 
<ji, on the other, are closely connected with each other and 
may also bo formally derived from one another if wo 
roplaoo every discontinuity by a finite oven if rapid 
ohango and subsequently proceed to the limit. For 
example, if in the case of a plane, uniformly charged 
conducting surface whoso normal is v we suppose the 
geometrical surface to be replaced by a spatial non- 
liomogonoous layer of very small thickness 8, then 
Poisson’s equation : 

div <f} = 

holds for the spatial divergence of By integrating 
this equation from v = 0 to v = S we got : 



wliioh is identical with the condition (85) for the surface 
divorgeiioo. 

]!n the same way wo can 
imagine a sudden change in 
the value of the potential 
function r/j to bo replaced by 
a steep but finite rise within 
the layer 8. Wo then see 
dirootly from the course of 
the curve for t/j (Fig. 0) that 
its curvature as rojiresentod 
by the second differential 

coolhoiont S values at the beginning and 

dv^ 

at the end of tho transition layer. Those values are, 
however, of opposite sign, corresponding to the two 
opposite charges at tho ends of the double-layer. 

On account of its uniformity this method of repre- 
sentation is very convenient for certain rather general 
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investigations, since it avoids all lands of discontinuities 
and honce attains its object with only the spatially dis- 
tributed density of charge h and Poisson’s equation. On 
account of the finite transition layers, however, the bodies 
can then no longer be assumed to bo homogeneous 
throughout. 

§ 30. !Reverting again to the arguments put forward at 
the beginning of this chapter, the theorems there deduced 
now appear to us in a now light, when regarded from the 
point of view of action at a distance. For example, if in 
a system of conductors and insulators only two substances 
at a time touch at any of the common surfaces that 
occur, it is immediately clear that the occurrence of con- 
tact potentials can have no influence on the elootrostatio 
field. For the double-layers wliioh correspond to the 
abrupt changes of potential are all closed, and hence 
exert no physical action either inside or outside. 

But if two oonduotors 1 and 2 are in contact with each 
other and with an insulator 0, as in Fig. 6, then wo have 
tliree homogeneous double-layers (01), (12), (20) with a 
common boundary curve (012) ; and since the action of a 
homogeneous 'double-layer depends only on tho boundary 
ourvo, wo oaii imagine all throe layers to bo distributed 
over one and the same surface with one and tho same 
boundary ourve. Hence it follows immediately tliat only 
tho sum given by (148), of tho throe oorrosponding 
oontaot potentials, namely tho Voltaic contaot potential, 
comes into account for tho elootrostatio field in tho 
insulator, there being no possibility of sopai^ating tho 
individual summands from each other by means of 
oleotrostatio measurements. 

If in place of only tho oonduotors 1 and 2 we have a 
greater number of oonduotors 1, 2, ... n oomiootod 
with one another in suooession by conducting wires the 
system constitutes a so-oalled Voltaic chain or series, lii 
place of (149) wo then have for the potential <f) of tho 
elootrio field in the insulator tho more general equation : 

(j) = "t" ^a/a + • ■ * . (160a) 
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whoro tlio fvincliions /i, /a, /g . . , arc equal to one at 
tLo surface of tlio concliiotor carrying the eaino siiflix, but 
equal to zero at tlio surfaces of all the other con- 
duotors, whereas the constants cj)^, (^2, , r^,,, whioli 

give the values of tlio potential in the insulator in the 
immediate noighhourliood of the surface of the ooiiduotor 
in question, are uniquely dotorininod by the Voltaic coii- 
taot potentials (M8) taken in conjunotion either with tlio 
oquation which gives the total charge of the system of 
conduotors or with that which gives tlio potential in one 
of the ooiiductors. 

The potoiitial of tlio whole chain or the potential difl'er- 
oiiGo (jin — f/>i, is then obtained direotly by making the 
roforouoo-poiiit ])ass out of tho insulator into tlie con- 
duotor 1 and through all the oonductors in turn baolc 
into tho insulator thus : 

fj&ft — 'b -^^la 'I' -^03 *!" - ■ • H- , (101) 

A iiartioularly important case is thfit in which tho 
Bubstanoo of tho last oonduoto].’ n is of tho saino 0011- 
stitiition as that of tho first conductor 1. Eor then wo 
oloarly have 7j?ox h- -1- it'io « 0 , and so : 

jS? — (jjj^ A'jg -j- Jjgjj ^ (102) 

thus tho potential of tho ohain is quito indopondoiit of 
‘ tho iiaturo of tho insulator. This kind of potontial is 
distinguished by being called tho galvanic xtotmlial. If, 
for oxamplo, tlio conduotors 1, 2, 8, 4 , 5 arc, in ordor, 
ooiijiGr, zinc, solution of ziiio sulphato, solution of ooppor 
sulplubto, co])por, then tho galvanic potontial ol; this 
ohain, tho so-called Danioll coll, is : 

ID = Gu I Zn -b Zu I Zii SO4 aq Zn iSO^ aq | Cu SOj aq 

'f- CuSC),iaq|Gu . (10:J) 

In contrast witli tho ease of tho Voltaio-potontial tho 
insulator ]plays no part lioro. 

§ 31 . A totally now ease arises if tho last mombor of 
the chain, tho oonduotor n, is oonnooted by moans of a 
conducting wire, say, with tho first mombor of tho ohain, 
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the conductor 1; that is, instead of the “ open chain 
so far discussed wc now use a “ closed ” chain. For then 
the System of conductors forms a doubly-connected space 
(of. II, § 60), that is, not all the curves which run from 
one conductor to another in the conducting space can bo 
transformed continuously into one another. In general, 
therefore, in this case we arrive at two different values 
for the potential difference of any two conductors, say 
1 and 2, according to the way in which the reforonoo- 
point leads from one conductor to the other. For ex- 
ample, tlie potential diffcronce between 1 and 2 is equal 
to but^it is also equal to Ei,, -|- + . . . -h 

^ 32 , and since eleotrio potential is by its very nature 
one-valued, a contradiction manifests itself in general, 
that is, an electrostatic field is not possible at all in the 
case under consideration. It is only in the spooial oir- 
oumstances when the two conditions mentioned are equal, 
or when, written symmetrically : 

■®ia + ^28 + ■ • • + = 0 . (10<J:) 

that the conditions necessary for the olootrostatio field 
can bo fulfilled. The relation expressed in (1C4), which 
merely refers to the ohomioal constitution of the con- 
ductors, is called the Law of Poieniial Eeqy,&nc&. Thus 
an oleotrostatio field is possible in a closed series of 
oonduotors only if the conductors obey the law of poten- 
tial sequence. Hence we shall assume the equation (164) 
as valid. For the present wo must exclude the contrary 
case, to which we shall revert later in Chapter V. 

Conductors which obey the law of potential sequence 
are called “ conductors of the first class,” the remainder 
are called “ oonduotors of the second class.” If we have 
three oonduotors 1, 2. 3 of the first class then, by (164), 
the following relation holds for them : 

■^12 + -^23 + -^31 = 0 

or : 

= ^33 — E^i, 

In this equation the oontaot potential of the oonduQtofs 
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1 and 2 appears as the difUeronoo of two quantities, of 
which the first does not depend at all on tho conductor 1 
and tho second does not depend on tho conductor 2. 
Since tho conductor fl is otherwise quite arbitrary and 
its influence oancels out in tho two terms of tlie difloronoe, 
it enters into the quantities Fgg and only in tho form 
of an arbitrary additive constant. If we suppress this 
constant altogether in our symbols wo may write tho 
last equation simply as : 

= .... {165) 

whore wo leave an additive constant uiidotormined in 
the quantities and E^. This constant can oloarly 
always bo chosen so that tho two quantities Ey and E^ 
are positive. 

The relation (165) gives tho necessary and aufllciont 
condition that two conductors 1 and 2 should bo of tho 
first class. Wo see at once, in fact, that in ovory ohain 
of oondnotors which satisfy tho equation (105) tho law 
of potential soquenoo (104) is obeyed identically. 

The equation (105) enables us to arrange in a series 
all oonduotors of tho first class, namely, in tho order of 
tho numorioal values of tho positive quantitios Ey, E^, 
E^, . starting from tho smallest and ending with tho 
greatest value : the galvjmio soquenoo. From this 
soquenoo wo can immediately obtain tho sign of the 
contact j)otontial of any two ooiiduotora. For by (105) 
evoiy conductor of tho series has, when touched by a 
conductor which precedes it in the series, a higher poten- 
tial than tho latter and vice versa. 

By (148) and (105) tho following relation liolds for tho 
voltaic potential between two oonduotors of tho first 
class : 

~ -I- ~ -®2o 

or : \ 

. . . . ( 106 ) 

whore wo have sot 

E'l = Ey -|- Ey(ft E\ = Eq H- E^I) 


(167) 
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From this wo soe that tlioro is a potontial soqnonco 
not only for the galvanic contact potentials, but also for 
the voltaic contact potentials between concluotors of tlio 
first olass. But the sequence of the concluotors is in 
general different in these two cases ; for in the case of 
the voltaic potentials it is essentially clopoiiclont on the 
oheinical constitution of the insulator 0. Disregard of 
this circumstance has given rise to a number of 
controversies whicli occupy a large space in the litera- 
ture of the subject. 

§ 32. Lot us finally discuss briefly the question of the 
chemical clilferenoe between conductors of the first and 
the second class. We consider a closed chain in whioli 
one or more conductors of the second olass have boon 
inter-linked. Under no circumstances is an olootrostatio 
field possible in such a ohain ; hence an electric current 
will manifest itself. But it is impossible for the system 
of conductors to remain completely unchanged with this 
current passing. For otherwise it would last foi.’ over 
and the effects which it produces would oontinuo unceas- 
ingly to arise from nothing, whioli would oontradiot the 
universal principle of oonsorvation of energy, ].^i’om this 
we must oonolude, then, that the ourront must ofleot a 
certain change in the contact potentials and hence in the 
chemical oonstitution of the surfaces of the conductors, 
namely in those conductors whioli give rise to it, that is, 
the conductors of -the second class in the chain. If ivc 
call a conductor whoso ohomioal nature is oliangod when 
a current flows through it an electrolyte, then wo can 
enunciate the following general theorem which has boon 
confirmed in the widest sense experimentally : all con- 
ductors of the second olass are electrolytes. On the other 
hand all conductors that are not ohemioally changed by 
an electric current, that is, metals, arc necessarily con- 
ductors of the first olass. 
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:l'he magnetostatic TTELD 

§ !J3. lIiflVEimNG to t]io goiiolul rosultH dorivod in § lH, 
wo shall now considor tho laws of inagnotostiitics, wliioh 
wo shall treat on exactly tho saino lines in priiioiplo as 
those usod in electrostatics. Mlho laws of a inagnotostatio 
field in a system of homogeneous bodies are oxin’ossod in 
tho following ociiiations which hold in tho intorior of a 
body': (fil) div - 0 and (57) curl jl ^ 0, which in oouv 
binatioii with {30) gives n « /a/i; and for the oomnion 
surface botweoii two bodies tho equation ({52) : -1- 

B, « 0 . 

Those equations resemble oxaotly tho ooiTosponding 
equations for oleotrostatios. .But they aro simpler in 
that tho magnotio bouirdary condition ({52) does nob, as 
in tho oorresponding oleotrioal boundary oondibion (d:l), 
contain tho quantity h whioli wo oallod the true donsity 
of olmrgo ill § 20. In other words, in inagnotisin tluj tinio 
charge is quite generally equal to m-o, not only the voluino 
charge (volume divorgoneo of tho induction), but also 
tho space ohai’go (sjiaoo divoi’gonco of tho induction), 

Honoo when wo break a magnot each piooo again forma 
a comploto magnot. l.t is not possible to aoparato mag" 
notism into positivo and nogativo in .spaco ill a miiniior 
oorresponding to tho soparation of oiooti'icity into poaitivo 
and nogativo ; nor is tliorc any q^i’oooas in niagnotism 
oorresponding to conduction by an olootrio ourroiit. 
Magnetically all substances are insulators. 

Although in tho light ot tho.sG romarks magnotio holds 
show a much simpler aspect than olootrio holds, yet in 
another no loss important rospeot thoy show thomsolvos 
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to be considerably more coinplioatod. Eor ratlio].' acourato 
measurements havo shown that in a fair number of 
widely distributed substances, known as “ forroniagnotio,” 
which include iron, cobalt, nickel, and inanganosc-alloys, 
the magnetic state does not depend alone on the moment- 
ary intensity of field, as we assumed in § 11, or that, as 
we may say in the language of II, § 21, tho substances 
mentioned do not behave perfectly elastically in magnetic 
respects. Eor if such a body is situated in a magnetic 
field whose intensity alternately increases and decreases, 
tlie magnetic induction in it has not always a definite 
value for a definite intensity of field, but is smaller when 
the intensity of field is increasing than ■when it is dooreas- 
ing ; in a certain sense it lags behind for field-strength. 
Hence we can no longer talk of the eq^uation (liO) being 
valid in this oonnection. di'his jihonomonon is called 
“hysteresis.” As it would require much spaoo to consider 
hysteresis and its implications hero, wo havo oxoludod it 
from our present discussion, 

But we must also call attention to another ]Dhononionon 
of fundamental importance which likewiao oauaos a dovia- 
tion from tlie equation (30). In the case of forromagnotio 
substances the induction, oven if it depends only on tho 
momentary field-strongth, is in gonoral not in tho samo 
direction as, nor proportional to, the field-strongth ; this 
means that instead of the vector equation (30) there is 
a totally dift'ereht relation between II and li. Mag- 
netism also exhibits a more complicated behaviour than 
electricity in the fact that whereas tho dioloctrio constant 
6 is essentially dependent on the field-strongth and is 
always greater than 1, the magnetic permeability jx, oven 
when it is constant for a substance, can bo both greater 
and less than 1 ; in the former case tho substance is said 
to be “paramagnetic” (platinum, oxygon, nitrogen), in 
the latter case “ diamagnetic ” (bismuth, ooppor, water, 
hydrogen). 

In view of these circumstances, it is desirable to discuss 
the properties of a magnetostatic field without taking 
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eq^uation (30) into aooount at all at first, ainco thia is 
the only eq^uation wliioli involves tho specific behaviour 
of bodies. 

§ 34, Corresponding to the equation (42) which holds 
for tho true oleotrio charge, tho following theorem follows 
from (61) and (62) quite generally for the indnotion J1 : 
the total jlux of magnetic induction through the surface of 
any volume of s^Mce vanishes, or 

(168) 

whore tho i-ing on tho integral sign is to signify that wo 
are dealing with a closed surface. I’or an unclosed surface 
the flux of niagnotio induction consequently depends only 
on the boundary curve, and not on tho shape of tho sur- 
face. This can bo readily deduced by reflecting that two 
different surfaces liaving a oommon boundary oiirvo form 
a closed surface for wliioh the equation (108) is tliou 
valid. Aooordingly, in a niagnotio tube of induction 
(§ 16) tho flux of induction every where has tho same 
value and passes unohangod through ovory surfnoo of 
separation between two bodies. 

On tho other hand, wo see from (67) tliat a potential 
<!> exists for tho field-strength li, 

//==>- gradf/i (109) 

Wo assume the magnetio potential f/> to bo continuous 
throughout, oven at tho oommon surface of two different 
substances, since, in contrast with oleotrio potential, thoro 
is not a single fact to compel ns to assume discontinuity. 
Moreover, tho magnetic jiotontial is uniform, since tho 
equation (160) holds in tho whole nmgnotostatio hold, 
which forms a singly connootod space. 

Accordingly, then, wo must (listinguish carefully bo- 
twoon the properties of tho field-strength // and those 
of tho magnetic induction n, botwoon linos of force and 
linos of induction, botwoon flux of force and flux of 
induction. In ferromagnetic substances only tho linos 
of force are normal to tlio systom of oquipotontial sur- 
faces — const, and lani in tho direction of dooroasing 
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potontial, whereas the lines of indnotion can run in (^xiito 
another direction, oven in the opposite direotion. On 
the other hand, the simple equation (168) holds only for 
the flux of induction. The flux of force through a olosod 
siu'face can very well differ from zero ; for oxamplo, free 
charges, both space and surface charges, can occur, at 
which lines of forces arise or vanish. Wo shall meet 
with some simple examples of these conditions bolow in 
§§ 37 and 38. 

If, by I (132) we Set : 


cliv II 1 , , , , 

(free spaoe-density of charge) 


and, by (86) : 

JT/p-H/iV lfd<h.dth‘\ 

+ 

(free siirfaoo-donsity of charge) 


(170) 


(171) 


hence by § 20 1 



According to this wo can always picture tho inagnotio 
hold strength by means of the attraotivo and repulsive 
forces of the free charges. If wo integrate tho equation 

(170) over tho whole of iniinito space and the equation 

(171) over all tho surfaces of separation of the bodies 
two at a time, the sum of those two integrals is, hy II (82), 
ideutioally equal to zero, that is, tho total free charge of 
a magnetic field is always equal to zero. 

Just as the magnetic potential can be roprosontod by 
tho free charge, so it can be expressed in terms of a 
polarization of the volume-oloments of all tho bodies, iii 
exactly the same way as was done in § 26 for tho electric 
potential. Eor if, as in (141), wo set : 
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and oonsider the expression (143«), then, on account of 
the relations (61), (62), (170), (171) this expression comes 
out perfectly identical with the magnetic potential (172), 
Thus, if we substitute (143) for (143a) we got : 




' 1 1 r 

9i d~ 


dr 


. (174) 


The vector M . dr is tlio “ magnetic polarization ” or 
the “magnetization” of the volume elomont dr', its 
absolute value is the “ magnetic moment.” The volume 
elomont forms a raagnotio dipole whose axis points from 
the negative to the positive polo and whose moment is 
given by the product of the charge at either polo and the 
distance between the polos. 

§ 36, Whereas the thooroins in the preceding paragj:aph 
hold for all bodies without exception, wo shall now con- 
sider the special oases duo to the particular behaviour of 
certain substaneos. In each ease we deal eithor with 
equation (30) or with wliat has to take the place of this 
equation, namely the oharaotoristio relation botwoon the 
induction J3 and the fleld-strengtli Ji of the substanoo in 
question, or botwoon the magnetization M defined by 
(173) and the field-strength //, since this can bo formu- 
lated more convoniently. 

In parmmgnetio and diamagnelic substmioes for wliioh 
the equation (30) holds and jx is constant, wo have : 

M - kU (176) 

IC =. (170) 


whore : 


The “ magnetic susceptibility ” ic of the substanoo is 
positive for paramagnotio, negative foi* diamagnobio sub- 
stances and zero in a vacuum, TJius in pai’amagnotio 
substances the axis of magnetization, that is, tlio direction 
from the negative to the positive polo of the oxoitecl 
dipole, ooinoides with the direction of the fiekl-strongth, 
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whereas in diamagnetic substances it points in the opposite 
direction. 

Ferromagnetic substances behave quite difforontly. In 
the first place, the magnetization in their ease docs not 
vanish with the field-strength; rather, when // — 0, 
M in general retains a finite value which is also oallcd 
“permanent magnetism.” The ideal limiting case is 
given by the so-called “ rigid magnets,” for which the 
magnetization : 

(177) 

is absolutely constant and quite independent of the fiold- 
strength. A more general type of magnctio behaviour is 
obtained by combining (176) and (177) : 


or, by (173) : 


M = Mp 4- kU 


(178) 


B^iTrMp-VfiH .... (178a) 
where the second term on the right-hand side is called, in 
contrast with the first term, the “ temporary magnetism ’* 
or " temporary induotion,” rospootively. Of oourso tho 
vectors Mp and ii in general have different direotions. iln 
many ferromagnetic substances when Mp becomes vanish- 
mgly small the susceptibility k assumes enormous values. 
Such substances are said to bo magnetioally "soft.” 
Strictly speaking, however, there is no substance for whioh 
K is absolutely constant. Eor Avhon the field-intensity // 
IS increased without limit, M never increases without 
limit, but approaches a definite limiting value whicli is 
characteristic of the substance and is called the “ satura- 
tion limit ” of the magnetization. To give duo cohsidora- 
tion to this fact we must therefore assume that tho sus- 
ceptibility K in (178) vanishes when the field-strength 
becomes infinitely great. 

As soon as we know the magnetio equation of state 
charactenstio for every body, say in the form of (176), 
(177), (178) or (178a), we can uniquely determine tho 
properties of the magnetostatic field with tho help of tho 
laws of § 34. 
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A moment’s consideration shows that to maintain a 
finite magnetostatic field permanent magiiotism is lieooa- 
sary. For if only paramagnetic and diamagnotic sub- 
stances are present all tlio field equations are satisfied 
automatically, since both // and B vanish ovorywhere. 

Further, we note for later use that the expression (4) 
for the magnetic energy is valid also for permanent 
magnets 'of constant permeability yx, of the typo (178a); 
this is immediately apparent if wo start from the relation 
{32a), which is generally valid, and consider that in the 
case in question dB — fi . dll. 

§ 3G. To show how the theororaa whicli have boon 
derived are applied, we begin with tlio Bhnplost case of a 
rigid magnet and consider first a rigid linear magnet, that 
is, a magnetic noodle in vacuo of arbitrary longtli and 
curved in any arbitrary way. Lot the infinitoly small 
oroas-sootioii of tho necdlo bo /, its longth I, tho olomont 
of length dA, tho magnotisiation ilfA, whioli is any arbitrary 
given function of A) and lot ili; bo in tlio samo dirootion 
as A. 

TJion by (174) tlio potential of tho oorroaponding 
•magnotio Hold is, sinuo tlio magnetization is zero in a 
vacuum : 

i> d r 3- 

, , (170) 


or, if wo sot /Ma = M : 


gl 

Integrating by parts : 

™ »'o io 


(180) 


where tho indices 0 and .1 rofor to tho two ond-points of 
the needle. According to tliis tho magnotio noodlo acts 
outwardly exactly lilco two magnotio polos at tho ends of 
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the needle, carrying the charges and — i¥o, togt^ther 

with a charge of density — ^ distributed oontiimoiisly 

over the whole length of the needle. 'Hie snni of nil theH (5 
free charges is, of course, equal to zero, as it must bo by 
§ 34. If M is constant along the whole needle (nnifoj'in 
magnetization) then = Mq, and : 


0 = .... (181) 
\/l 7 q / 

Lx this special case the needle can bo rox:>lncod by blie 
two end-poles alone. 

H the two poles coincide, that is, if the neodlo foi'ins a 
closed curve, a so-called ring-magnet, ryi = 0 aixd the 
ma,gnetic field vanishes entirely, from whioii, the theorem 
follows that a uniformly magnetized closed magnet (j:I: any 
shape produces no external magnotio ofioot. 

If the needle is so long that one of the two polos is very 
for from the reference-point, only tlio action of tho other 
pole remains. Hence a single positively or nogativoly 
oharged magnetio pole can bo realized in naturo to any 
cegreo of approximation by a uniformly magnotizod 
magnetio needle of appropriate length. 

The rectilinear magnets used in praotioo are novor 
or ^ magnetized ; rather, M, assumod positive, is 
greatest m the centre and decreases symmetrionlly towards 

both ends. Hence ^ is equal to zero in tho centre, is 

positive for A < ~ and equally negative for A > |. So 
the distributed free density of charge has 

both sides the f ^ amount is equally great on 

charges which oharged. Tho 
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lotween tlio poles amounts to about [ 5 - of tho length of 
the necdlo. 

§ 37. If WG now take a rigid magnet of arbitrary size 
in a vacuum, but of uniform magnelization M, whoso axis 
we take as our ^-axis, then by (174) wo have insiclo aiut 
outside ; 


(182) 

wliero tlio integration is to l)o taken over tho volinno of 
tlic magnet. 

Or: 

^ According to this tho magnet acts inside and ontside 
Its own volume like a magnotio oluu’go distributed with 
the clenaity - M oos {i^») over its surfaoo. Tho amount 
of this density of oliargo can easily bo pioturod in tlio fol- 
lowing way. Lot us suppose tlio magnet displaeod to an 
iniini.toly small extent in the direotion of tho poai tivo g-axis ; 
then each element do of its surfaoo swoops out an infinitely 
small volume of the form of an oblique cylinder of baao 
da. Tho volume of tliis oylindor is, if wo disregard tho 
proportional to cos {vz)da and so oorrcspoiids exactly 
to tho amount of tho freo charge on da. On tho front 
surface of tho diaiilaccd magnet tho charge is positive, on 
tho roar surface it is negative, while tho neutral xono 
(§ 10) occurs at the points where tho surface runs iiarallol 
to the g-axis. 

UiG line.s of force pass from tho positive to tho negative 
charge both inside tho magnet as well ns outsido tiirougli 
tho vacuum, so that oaoli positively charged surfaco- 
oloment sends out a tube of force in botli dirootions. On 
the other hand, by (34) tho tubes of induction pass con- 
tinuously and with a constant ilux of induction through 
tho surface of tho magnet, and since tlioy coiuoido in the 
vacuum with tho tubes of force, inside the magnet they 
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run in the opposite direction to the tubes of force, that 
is, from the negative to the positive charge. Honco tho 
lines of induction and tubes of induction are closed con- 
figurations which, however, are bent at tho surface owing 
to the discontinuity in the tangential compononts of the 
induction. 

To calculate the potential (f) in tho present case it is 
better not to use the equation (183), but rather tlio follow- 
ing form of (182), corresponding to the transform atioii of 
II (339) into II (340) : 



(fi = 



or : 





^ = 

-1' • • • 

. . (184) 

where : 





0 = 

It ■■■ ■ 

. . (ISD) 


signifies the Newtonian potential function of tho volume 
of the magnet imagined filled with mass of density 1. 

Let us perform the calculation for tho case of a rigid 
uniformly magnetized sphere of radius R situated in a 
vacuum. By (186) and I, § 38 wo have for an oxtornal 
reference-point at tho distance ro(> R) from tlio oontm : 

ljj. = ~R^7T-- 
o ?’q 

but for an internal point (rg < R ) ; 

f = y - V). 

Erom this it follows by (184), since 
that the magnetic potential in outside spaoo is : 


1 
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and inside the mcagnetio sphere it'is : 

• • • • 


( 187 ) 


where we denote the magnotie moment of tlic whole 
spliere hy : 


M = 


3 


M . 


(188) 


By (100) this also gives iis the hold-intensity //. For 
external points the uniformly magnetized splioro acts 
exactly like a magnetic dipole having the magnotie moment 
of the sphere ; at internal points, on the other liand, tlio 
lield-strongth is constant, that is, tlio hold is homogeneous 
and : 


d(f> i 



(189) 


that is, Til is proportional to tho magnotization and — an 
important and romarkablo foaturo — is independent of the 
radius of tlie sphere. Tho dirootion of tho lines of foroo 
is from positive to negativo values of g, both inside and 
ontflide the sphere. 

On tho other hand, wo have for tlio induction, by (173) ; 

i}, = I? 'M. . . . (100) 

Honco tho dirootion of tho lines of induotion inside tho 
magnet is opposed to that of tlio lines of force, running 
from negativo to positive values of z. 

We can deal in tho same way with the case where tlio 
sphere has a ooncontrio spiierioal hollow space in its 
interior ; among other results wo find here that tlio 
magnetic action of a uniformly magnetized hollow sphere 
is zero in tho vacant space in its interior. 

§ 38. Tho fact that a uniformly magnetized sphere 
generates a uniform field in its interior allows us to 
genoralizo tho above tlioorems in a simple way for tlio 
ease that tho sphere, besides being permanently mag- 
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netized as above — wo shall denote this magnetization 
from now on by Mp — also has a teinpomry magnetization 
of arbitrary, but constant susceptibility k and a corro- 
sponding permeability fx m aocordanco with equation 
(178) or (178a). In the interests of greater generality we 
shall now suppose the sphere not to be situated in a mag- 
netically neutral vacuum, but in a homogeneous magnotio 
field parallel to the ^-direction, so that at an infinite 
distance from the sphere there is a given constant field- 
strength J/fl parallel to the ai-axis. Let the perinoability 
of the surrorinding medium be /zq. We can then satisfy 
all the conditions for the magnetostatic field if, gonoralizing 
the equations (180) and (187), wo write for the magnotio 
potential at points outside the sphere : 

= .... ( 101 ) 

and at points inside the sphere : 

il>i = Oz (Iil2) 

The values of the two constants Gq and 0 result fi’om 
the boundary conditions at the surface of tho sphoi'o, 
namely, in the fii’st place, the condition that tlio potontiivl 
^ itself is continuous : 

^ — j/q = (7 (iniJ) 


and, in the second place, the condition that tho normal 
component Bu of the induction is continuous, that is, bv 
(nSa): 

ilXo J'L)r, = (477- Mp + ixlh)r^ 


Consequently : 

"t" H'O Mp ~ 



pG , 


(104) 


If we calculate the values of the constants Cq and O 
from (193) and (194), we get for the magnetic potential 
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afc x^oiiits outside and insido tlio sx^licro, by 
(192) : 

IM -I- 2;to Ktq/ « 

, IttM/) — 3uo J/i) 

= / . . . . 

/X -I- 2/Xo 


(101) and 
. (lOb) 
. ( 100 ) 


and so wo liavo obtained all tho x)i’oj)(H’ti().s of the nnignotio 
field. Eor external ])oiiits tho KjOioro acts like a inagnotio 
dijjole; for intornal jKjints tho hold is lioinogonoous, tlio 
held-intensity being : 


Ili^ 

tho induction (178») : 


iTT M,, — 3/Xo J/p 
"fi -I- 2/x„ 


(197) 


Hi « 


Stt M_p -\- 3^ Hp 

-F^;^ 


(108) 


and tho miigiiotization (178) : 


sa .L njr I 


1) „ 

‘iniiM -I* 2/Xo) ^ " 


(li)!)) 


Lot us oonsidor somo flijoolal oaaos. Eov a rigid inagiiot 
we havo /x = 1 and M always oqual to Mp. 

If tho extomal hold //p vaniahoa, tho inagnot aots for 
oxtornal x}oiiits lilco a inagnotio dlxiolo of inoinont i 


turnip ^ __ jyifp 

“i- 2/Xp jj, 2(Up 

whoro Mp, as in (188), donotos tho xiorinaiunit 
tho whole sphere. At oxtornal points tlie 
then : 


. . (200) 

inomont of 
potoutial 1 h 



^ z 

IJ. H- 2^0 ’ i'o^ ' 


(200^0 


lor /i — /xp ^ 1 wo havo tho oaso of a rigid niagiiob iu a 
vaouum, whioli was troatod in tho provious jiaragraxih. 
Whonovor tlio suscoptibility is positivo, oithor in tho 
magnet or iu tho surrounding modium, it woakons tho 
held oxoited by tho pormanont magnotisin, hut tlio huh- 
ooptibility of tJio surroundings luis a stronger inlluonoo 
than that of tho inagnot. 
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If, on the other hand, there is no pormanont maguofciHin 
present, that is, if the sphere is magnotioally soft, tho 
lines of force and the lines of indnction ovorywliei'o 
coincide. The action of the sphere, determined by 
at external points is in acoordance with the sign of /x — 
That is, according as the permeability of tho sphere is 
greater or less than that of the surroundings tho aplun'o 
tends to weaken or to strengtlien tho homogeneous mag- 
netic field Hq which excites it. In tho limiting ease 
g = go is not altered by the sphere at all, as is 

readily understood. 

In the interior of the sphere tho intensity of field is : 


the induction is : 


Hi — [-‘-jv — JJn 

^ + 2go ” 


J/r, 


Di 




/X -h 2go’ 


( 201 ) 

( 202 ) 


and the magnetisation is : 


• • • W 

Eor the most important case /xq *= 1 the magnetization 
of the sphere is : 


M - - ~ jf !L 

477(/.+ 2)^^o“7— 4 


//n 


(20d) 


l + gTTK 


Tlie ratio of the magnetization M to tho exciting 
external intensity of field must not bo confused with 
the ratio of M to the internal intensity of field Jit, whioli, 
by (17.6), represents the susceptibility Tho difforonoo 
between iTj and //( is due to the fact that the sphoro, no 
matter how small it is, produces in virtue of its magnofciza- 
Uon a field-strength of finite magnitude in its interior. 
iJor when = i we have : 

• ( 205 ) 
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Thus the magnetization of the sphere causes a weaken- 
ing of the field-strength in its own interior by the amount 

^M. Hence this phenomenon is also called “ self- 

O 


477 


demagnetization ” and the numerical factor is called 


the “ self-demagnetizing factor ” of the sphere. Although 
its value is independent of the size of the sphere, it changes 
with the form of the magnetic body. In general, the 
field-strength, and consequently also the magnetization, 
are not constant in the interior of a body magnetized by a 
homogeneous field, even if the body is very small. Only 
ellipsoids which are magnetized in the direction of an axis 
exhibit this simple behaviour. For this reason an ellip- 
soidal form is given to test bodies which are prepared 
from a substance for" the purpose of determining its magr 
netio properties. 

For an infinitely great value of the permeability or the 
susceptibility we get from (201) that Hi = 0, = const. 

g 

and from (206) \ M « 

Suoh a body, which is " absolutely soft ” in magnetic 
respects, exhibits the maximum self-demagnotization, and 
this wholly compensates the exciting field-strength Ho- 
It behaves in every magnetic field lilce a conductor in an 
electric field, fully in accord with the laws which hold for 
an insulator of infinitely great dielectric constant e (§ 17). 
Hence soft iron exerts a more or less complete^ screening 
action,” depending on the value of fi. Tlxis screening 
action is used, for example, in the so-called “ Panzergiu- 
mnometer ” to eliminate the disturbing efiect of the 
earth’s magnetio field. 
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PONDEROMOTIVE ACTIONa IN TH*'' 
STATICAL FIELD 


§39. In the preoecUng pages we have 
theory up to a certain point, but we have nowlierr” ^ 
a method of actually measuring any of the (utaiii *'*' 
far considered wliioli would enable us to suhjoni, iJi* * * * * 
to an experimental test. Since every 
veduoos in. the last instance to a meohnmeal 
must, if the theory is to fulfil its true purptwe. i 
a way of representing the meohanioal or p(>n(lfrr»i>»*i 
effects in a statical field. To solve this pinl.h’i»» 
pletely we need only go back to the originally 
definitions of the oleotrio and magnetio qunutl(.i(»‘»"«* 
wiiioh have their origin in the concept of onoi’Rv h« 
from mcohanios. 

Let us begin with the cZec(»*os(£r( 4 o^fl;fi[. By (2) »».<*<* 
the electric energy in any arbitrary syBtoin of 
oonduotora and insulators is : 

P = ^ = 1 Je (grad mr . . V 

or, integrating by parts, Ave have by (69) and ( 111 !) i 

^ ~ 2 / ■ • ■ ■ . C ! 


Whioh IS to be integrated over all tho surfaces of 

of the conductors and insulators. Introducing tlt€% 

density of charge from (88) avo can also, by {73)^ w r 
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wlioro r cleiiotea the distance between any two suilaoe- 
Gl&iiion^fcs da and da". It is to bo noted that every surfaoe- 
©Xoinent of the system appears twice — ^namely, once as 
and once as da". 

If the conductors are all embedded in a common in- 
sulator of dielectric constant e, then by (92) h' = 

whero we add the suffix 1 to the symbol h to prevent 
confusion with the density of charge h which refers to the 
surfaco-elomont da. Hence we have : 


dada^ . 
r 


. . (209) 


where every combination of surface-elements two at a 
trime occurs twice in the double integral. The terms of 
the double integral which correspond to infinitely small 
values of ?* — so that da and dai coinoide for thorn 
oontributo only a vanishingly small amount to the value 
of U. 

If wo write s and respootivoly for the elementary 
oliargos Ma and hida^t and also agree that every oom- 
Isination of two charges is to occur only once, the factor 
4 in (209) drops out, and wo get ; 


.... ( 210 ) 

This double sum is the total potential of all the ele- 
iifiontary charges with respect to one another or the se 
potential ” of the whole system of charges (I. § 104), since 
tiho self-potential of eaoh separate elementary oharge is 
vanishingly small. 

The different expressions for the electric energy eon- 
ijainod in the last five equations are all completely equiva 
lent to eaoh other in an electrostatic field, whereas in 
dynamic fields only the first expression (206) is valid. ^ 

§ 40. Given the values of the eleotrical energy, the prin- 
ciple of the conservation of energy leads us to the law 
which governs the meohanical actions of electric holds. 
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For let Tis oonsidor a system of charged oonduotors and 
insulators moving in any -vvay whatsoever, but so slowly 
that at every moment and for every position of the 
bodies the field may be regarded as oleotrostatio. Such 
a field is called quasi-statioal.” In practice this limita- 
tion does not signify much. For the time wliich the 
electric charges take to distribute thomsolvos on the 
surfaces of the conductors corresponding to the instantane- 
ous position of the bodies is vanishingly short compared 
with the times in which an appreciable change of position 
occurs in the bodies. 

If wo disregard all other forces, including that of gravi- 
tation, there are only two kinds of energy : the kinetic 
energy JC and the olcotrioal energy U ; and according to 
the principle of energy I (388) wo have for an infinitely 
short interval of time ; 

d{.K -I- U) - 0. 

On the other hand, by I (386), the change of vis viva is 
equal to the sum of the moohanioal or pondoromotivo 
work of all the forces : 

dK = A. 

Henoo it follows that ; 

-dU (211) 

That is, whenever the positions of the charged condiiclora and 
insulators of a system are altered in any arbitrary xoay the 
total work of all the ponderomotive forces produced by Ihe 
charges is eqical and opposite to the change of energy caxised 
by the change in the positions of ihe bodies. Ilonoe the 
forces always aot in a way tending to diminish the onol’g3^ 
Since the changes of position oan bo ohoson at will, this 
theorem contains the general law of pondoromotivo actions 
in statical fields. To derive the force from the work in 
any partioular case we have only to take into oonsidera- 
tion the corresponding displacement. 

§ 41. As a first application of this law wo determine the 
mechanical force which a material point charged wibli 
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the quantity of olootrioity e, say tho litblo tost splioru 
wliioli W 0 used in § 2, exporioncos in an insulating modium 
of dioleotrio constant e whon an oleotrostatio field is pro- 
duced in this modium by a number of otlior charged 
points. Eor this purpose wo must displace tho roforonco- 
point carrying tho charge e to an infinitesimal extent, 
while all tho charges which produce tho field and wliieh 
wo shall denote by remain at rest. Wo oaloulate tho 
change in U caused by this displaoomont. il'Iion, in the 
double sum (210) only those terms come into account 
which contain the factor c, since tho distances between 
any two of tho charges that generate tho field remain 
constant. So wo may write : 

' U ~ i ■ e ■ ^ -i- const. . . . (212) 


In this application of tho formula (210) wo must, liow- 
ovor, romombor that for a ilnito charge c in an infinitely 
small body tho solf -potential is not vanishingly fliuall, bu t, 
on tho contrary, infinitely groat (positive). In viow of 
(73) wo may writo in place of (212) : 

U G.fj> -\- const (2 in) 

and wo then obtain from (211) tliat tho moohanloal work 
performed during a displaoomont of tho roEoronco-point 
fu, y, z carrying tho charge e is : 


A 


ssa 


— G . dtf) 




If, on tho other liand, wo doiioh^ tlu^ meohanieal foi’(;o 
which the charge e oxporionces in tho la^ld by I', then : 

A l\(lx l\(h/ -I- I'tih. 

A comparison of tho last two oquabions gives im : 


If .. - fi grad (/) r... (‘IJ. . . . ( 214 ) 

That is, the force is equal lo the product of the charqa emd 
the field-sirenglh and is indopondont of tlio dioleotrio oon- 
tants. 
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Tliis law gives tlio mechanioal force oxortod by an 
oleotrio field on a poiiit-oliarge at rest in it, and applies 
quite generally also to arbitrary dynamical fields. Eor 
the electric field is completely characterized by the field- 
strength E', and it makes no difEorenco whence the field 
comes and whether it is statical or not. 

Since in § 2 we identified the direction of the field- 
strength E with the direction of the force F acting on the 
test-sphere for the case where the test-sphere acquired 
the oleotrifioatioii of the cat’s slun, this electricity is 
l^ositive, whereas that of the ebonite rod is to bo written 
as negative in calculations. 

With the help of (214) we are now also able to express 
the absolute value of the charge e and the field-strength 
E in absolute mechanical measure. Eor if the field is ' 
produced by a single polo charged with the amount of 
oleotrioity and distant r from tlio tost-sphoro, tho 
potential at the distance r from tho polo is : 




, (210) 

The field-strength is : 


\E\ = \ 

1 1 gj.a 

, (210) 

The energy of tho field is : 


Cl = ~ H- const 

er 

, (217) 

and the mechanical force on the test-sphere e is : 




1 1 gj.a 

(218) 


)Sinoo the force always acts in a sense tending to diminish 
it is a repulsive force for similar charges and an 
attractive force for dissimilar charges (Coulomb’s Law). 

If the two spheres are placed in another insulating 
medium of greater dielectric constant the force becomes 
smaller, since e and remain unaltered. The value of 
F is greatest for a vacuum. 
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Accordmg to Coulomb’s Law (218) the unit quantity of 
oloctrioity is dofinod in Gauss’s system by tbo fact that it 
exerts a force of .1 dyuo (I, § 9) on an equal quantity of 
electricity distant 1 contiinotro from it. in other systems 
of measurement tho definition is loss simple. It is useful 
to form a picture of tho units corresponding to a definite 
system. In Gauss’s system tho unit quantity of olectrioity 
is so small in practice that a few hundred units can bo 
generated by rubbing an ebonite rod a few times. Witli 
regard to potential, an ordinary Wimsluirst machine can 
bring a conductor to a potential of about 200 [grm.^ cm.^ 
sec.-i]. On the other hand, the galvanic potential 
of a Lanioll cell (108) is only about 0-0035 in tho 
same units, and tho Voltaic potential (148a) between 
zinc and oopi^or is of tho same order, but a little less in 
value. 

§ 42. Wo have booomo aoquaintod with tho law of tho 
pondoromotivo aotioiis of olootroatatio fields in two 
totally diflloi’ont forms, oaoli of which has its oharaoteristic 
advantages and disadvantages, so that in some oases 
one form is used, and in other oases tho second form Is 
proforablo, Tho PoMuil or Integral Law is tho first 
form (211). It gives tho total work of all tho pondoro- 
motivo foroos whon any ohangos of position aro olTootodj 
it is thoreforo particularly usoful if wo wish to combino all 
tho active foroos in a single resultant. For tho potential 
or tho energy XJ of tho whole field oan often bo ropresontod 
by a oomi)arativoly simple expression whioh allows us, 
for example, to soo immediately whether it inoroasos or 
deoroasos during tho ohango of position in question. Tho 
sense of tlio dirootion of tho ixjsulting moohanioal action 
can also then bo soon at a glance. 

If, on the other hand, wo wisli to gain an insight into 
tho details of tho event in question, it is more oxi)odiont 
to apply tho Difiorontial Law of Foroo (214), whioh tolls 
m what moohanioal action thoro is on oaoh individual 
elementary oliargo, but does not give us the sum-total of 
tho actions. 
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This contrast between the ![ntogral and .the DifEorontial 
Law will often be oncountored in the sequel oven in 
oleotiomotive effects, and the above remarks will always 
apply. 

Concerning the Law of Force (214) wo have yet to 
mention a point of fundamental importance which will 
force itself on our attention when we apply the law. It 
refers to the moaning of E in this equation. For it is 
clear that E is not the actual strength of tlie electric 
field at the point where the charge e is situated, but 
rather the field-strength that would exist at that point if 
the charge e were not present at all. For the charge e 
contributes nothing to the value of the ]30tontial function 
cji in (214). The method of probing a field by moans of a 
testing -sphere has a moaning only if we may assume that 
the field is not changed, or at least not appreciably, by 
the introduction of the tosting-spliero. But if wo 
imagine a finite charge e in an infinitely small body, 
this charge, indeed, produces an infinite field-strength in 
the body, and this muat not be added to 23. This is easy 
to understand if we consider that it is impossible foi’ the 
charge c to sot itself into motion. 

No difiioulty of this kind occurs in tho case of the 
Integral Law (211). Hence in doubtful cases it is advis- 
able to fall back on this law before maldng our dooisions. 
In tho case of a point-charge e, however, the matter is 
quite simple. We have only to imagine tho ohargo e 
absent, and then to take for the field-strength E that 
which is left at the point in question. 

Tho problem becomes more oomplioatod if wo wish to 
find the mechanical force which acts on the surfaco-oloment 
of a conductor which carries tho ohargo hcla. Although 
the field-strength E is no longer infinite in this ease, it is 
disoontinuous. For on the side of the insulator it is equal 

ijo by (G 3 )j whereas on the side of tho oonduotor it is 

zero, and it would bo equally wrong to write down either 
value for the expression of E in the equation (214) for V, 
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the field is not changed, or at least not appreciably, by 
tho introduotion of tho tosting-sphore. But if wo 
imagine a finite ohargo e in an inflnitoly small body, 
this charge, indeed, produces an infinite flold-strongth in 
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movable part of the plato Fy then tho attraotivo forco 
exerted on it by tlio opposite plato is, by (210) : 




( 220 ) 


wliioh also results directly if wo oaloiilato the attraction 
(87) of tho fixed plate, whoso size is assumed infinitely 
great in comparison with tho distance botwoon tho plates. 
By measuring this force wo obtain tho density of charge 
hy and, by (69) tho potential difioronco botwoon tho plates 
in absolute measure for a vacuum (e = 1), wlioroas for any 
other insulating medium tho diolootric oo.natant e is 
obtained from the fact that tho attraotivo force for a 
given definite charge h is inversely proportional to tho 
dielectric constant, whereas for a definite potential dilfor- 
once it is directly proportional to tho diolootric constant. 
The first case is realized when tho charged plates are kopt 
insulated, the second if they are kopt oonnootod with tho 
polos of a definite galvanio ohain. 

If more generally wo have any system of ohargod con- 
ductors, 1, 2, 3 ... in a common insulator, as in §21, 
then the field-energy U is, by (207) (sinoo f/j is constant 
in every individual conductor) : 

. .) • . • (321) 


and by either (100) or (102) : 

U = -h H- . . .) . (222) 

and also by (103) : 


= 

e\ 2 


I -;r -{- C' 


q' \ 

1261^2 + -^622 + -I- . . . j . ( 223 ) 


Eor the case of a single conductor wo obtain : 





( 224 ) 
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If, for oxamplo, the ooiiduotor is a sphoro of radius It, 
then, in view of the capacity (9ij), wo liavo : 

. . . (22B) 

A deoroaso in the radius of the insulated sphere (aoap- 
bnbblo) by the amount dlt causes a deoroaso in onoi.’gy of : 


-(IU = 


MW ,,, 

• dli 

€ 


which by (211) roprosonts tlio moohanioal work of exten- 
sion due to the electric chargo, Sinco the iuoronso in 
volume amounts to dV « . dll, wo got from II 

(278) for the mechanical prossure, that is, for tho force 
oil unit surface : 



27r/i^ 

€ 


whioh agrees with tho general formula (210). 

§ 44. Tho general law of force for tho pondoromotivo 
aotions produced in an olootrostatio hold may bo givon in 
another form whioh has shown itself to bo particularly 
valuable for developing Maxwell’s theory. It results from 
tho following roflootion. In general mochanlos wo regard 
as the most important foundation of sbatios tho following 
theorem, whioh depends on tho law of tho oquality of 
action and reaction (Newton’s third law) : if a Hystom of 
points is in equilibrium, thou tlio oxtimnal foroos acting 
on the system, which wo suppose rigid, arc in ccpiilibrium 
(I, § 112). If wo now imagine a oliargod conductor in 
any arbitrary elootrostatio Hold to bo Hui'roundod by an 
insulator of diolootrio constant g and kopt in oqui librium 
by appropriate moclianical foroos, for oxampio, by moans 
oPtliin silk throad.s wliioh aro attached and Itopt taut, no 
other forces acting on tlio body oxcojit tlio moohaniaal 
action of tho olcctrio Hold, then, according to tlio above 
thoorem, tho equilibrium persists oven if wo romovo tho 
oondiictor as a point-system togothor with an arbitrary 
part of tho insulator oomplotoly surrounding it and 
imagine tho whole system to become rigid, and balco into 


I 
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consideration only tlio external forces that act on it. If 
we denote the surface of this point-system, which accord- 
ing to oux’ assumption lies completely within the insulator, 
by a, then, by the principle of contiguous action, tho 
external forces due to tho electric field are restricted to 
certain pressures that act on the surface-elements dc 
from without ; by 11, § 20 those pressures are represented 
in tho most general case by a symmetrical tensor having 
the six components Xx, Jy, Zz, Xy, Yz, Zx\ this is^tho 
so-called Unsor of electric pressure or potential. Tho 
resultant of all these pressures that act on the surfaco- 
eloments da from without is therefore eqrral and opposite 
to tho force exerted by the silk threads, or, what comes 
to the same thing, it is ec[uival6nt to tho ponderomotive 
force of the electrostatic field on the conductor. Eor 
example, if we consider the ai-oomponent of tho resultant 
and denote the surface of the conductor by s in contrast 
with the arbitrary surface a in the insulator, tho normal 
to s being n, then wo obtain by II (74) and (210) : 

I (Xz cos (va;) + Xy oos (v^/) -h Xt oos {vz) ) da 

jp COB {nx)d3 .... (220) 

A corresponding eq^uation holds for the y- and tho 
2 ;-oomponent. The normals v and n to tho surfaces are 
to be taken as inwardly directed to tho insulator Sur- 
rounding tho surfaces a and s. 

We must not, of course, regard tho tensor of olootrio 
pressure as representing an ordinary meohanioal pressure ; 
one reason is that it also acts in a vacuum. Honoo it is 
probably not possible to interpret it entirely in terms of 
a graphical model. But its physical meaning remains 
unaffected by this difficulty. Its physical sense is that 
its resultant action on any arbitrary closed surfaoo in 
every ease gives the ponderomotive force exerted by tho 
eleotrostatid field on the matter in it. The position is 
not different in the ease of energy. Eor however diffioult 
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it ia to form a piotiiro of tlio flux of energy in a pure 
vacuum, groat practical importance attaolios to the 
theorem that the total energy that flows through a closed 
surface gives the change in the q^uantity of energy con 

tained inside. . 

Prom the point of view of the principle of contiguous 
action we must postulate, however, that the eleotno 
pressure tensor and all its components are corapMely 
determined at every point of the field by the oleotrioal 
intensity of field J3 at that point. Since, further, the 
equations (220) must hold for any arbitrary form of the 
surface <r, wo got from them the values of the six quan- 
tities Xx, , . . . To derive them wo first transform the 
surface integral in da into a volume integral over the 
insulator enclosed by the surfaces a and s, and a surface 
integral in ds ; 


/(i 




(227) 


- j {Xx oos (wa:) -I- Xv oos {ny) H- Xx cos {m) ) ds 

This expression is equal to the right-hand side of (220) 
only if in the whole interior of the insulator wo have : 

I L 2^ « 0 . . ■ (228) 

IHT'l" -g”-l 0^ '“‘J ■ ■ 

and if, taking (03) into account, wo have ovorywhore at 
the surface of the conductor : 

A® cos (wa;) + Xy cos {ny) -H Xz cos {nz) 

^ ^ . oos (iia:) . . . ‘ (229) 

oTT 

If we recollect that at the surface of the conductor we 
always have : 

Ex :Ey\Ez= cos (na:) : cos {ny) : oos nz 
then we satisfy the equation (229) by sotting ; 

z, = - + 0(JS/ - 

Xy = GExEy, Xz = GExEx 
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w]ioro G stands for an arbitrary ooUHtaut. If wo siili- 
stitute thesG expressions in the diiToroiitial equation (‘I2«) 
we find that in view of (50) and (55) they are always 
satisfied by the value : 

C - - . 

‘ITT 

Hence the components of the eleetrio pressure tensor 
come out as : 




and similarly : 





- ^ W - 


Ys = 




( 220 ) 


Itt 


With reforonoo to the magnitudes of the tlu'oo prinoiiiiil 
pressures and dirootions of tlio axes of the principal 
pressures (11, § 20) it is oloar that one of the axes of tlie 
prinoipal pressures ooinoidos with the dirootlon of the 
fleld-sti’ength 33 , If wo take tliis dirootion lor tlu^ s-axis 
we get : 

Consequently 


Ysr=Z. 


= X, = 0 


Z, 


Stt 


,7'j3 


(261) 


y 

On account of the equations in the last two linos tho 
aj-axis and the 2 /-axis are also axes of tho prinoiiial pros- 
sures. Thus in the dirootion of tho field-strength 13 tho 
electric prossiiro tensor gives a tension equal in value to 
the density of electno energy ( 1 ), but at every dirootion 

^ pressure of tho same 

value. All the ponderomotive effects of an oleotrostatio 
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Avhero 0 stands for an arbitrary constant. If wo sub- 
stitute these expressions in tlio clilferontial equation (228) 
we find that in view of (.'iO) and (55) they aro alway.s 
satisfied by the value : 



Hence the components of tlio olcoti'ic jirossnro tensor 
come out as : 


Y, = 



E^), and similarly: 


= - I; (2E/ - 

Z, = - ^ (2E,» - IS^) 

y,= - 2.= 


itr 




-r- V'i, 
‘Itt ^ 


(230) 


With referenoe to the magnitudes of the throo principal 
pressures and directions of the axes of tho prinoi])al 
pressures (II, § 20) it is clear that one of tho axes of tho 
principal pressures coincides with tho direction of tho 
field-strength 13. If we take this direction for tho g-axis 
w'o get : 

E^ = 0 , Ey^ 0 , ™ E^. 

Consequently 


Yi = — 0 

On account of tho equations in tho last two linos tho 
a:-axis and the y-axis are also axes of tho principal pres- 
sures. Thus in the direction of tho flokl-strongth E tho 
electric pressure tensor gives a tension equal in value to 
the density of electric energy (1), but at every direction 
at right angles to this pull it gives a pvessiiTe of tho samo 
value. All the pondoromotive effects of an electrostatic 
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fiold can likewiao bo deducod from this simple tlieoi’om. 
But it reaches far beyond electrostatics and holds q;uito 
generally for any electric field whatsoever, for the same 
reason as that given to account for the general validity 
of the law of force (214). 

§ 46. If we now turn to the ponderomotive actions in 
magnetic fields, wo find that hero exactly the same oon- 
sidorations apply as in the case of the olootrio fields. As 
the fundamental law, wo again obtain the law of 
potential in the form of (211), whore U now denotes the 
magnetic energy of the field. Eroin this there again 
follows Coulomb’s Law of Eoroo (218) for the attraction of 
two unlike magnetic poles or the repulsion of two liko 
magnetic poles. 

In aooordanoe with the roinarks in § 36, an isolated 
positive or nogativo magnotio polo oan be realized by 
moans of a long thin uniformly magnetized noodlo. 

Using the small magnotio noodlo dosoribod in § 3 for 
probing a magnotio field, wo further oonsidor tho pondoro- 
motivo aotion of a given arbitrary maguotostatio field of 
strength 11 on an infinitoly small rigid magnet of momont 
M situated in it. It will bo instruotivo and useful to 
carry out tho oaloulation in two ways, firstly by moans 
of the law of foroo, secondly by moans of tiro law of 
potential. 

Tho magnet consists of two polos carrying ohargoa -|- m 
and — m at tho infinitely small distance I apart, so that 
ml = M. If wo call tho co-ordinates of the nogativo 
polo X, y, z, then those of tho positive polo arc a; H- al, 
y .j. z -i- yl, whore a, (3, y are the direction cosines 
of tho axis of tho magnet. By (214) tho oompononts 
of tho fo],’co acting on tho nogativo polo aro — mJlcy 
- mill/, — mill, and those acting on tho positive polo 
aro : 

mill. + and m forth. 

Tho forces acting on tho two polos, regarded now as 
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acting on the rigid body of tho magnot, aro, by I (300), 
composed of a resultant force having ooinpononts : 


J 3/4 , Jifx , 9 / 4 \ 


dy 

dJL 


dlL 




. (232) 


and so forth, and a resultant oouplo avIioso oomjiononts 
aro : 

AT^ = - yhiJIy - Mylh - MJfi, . . (233) 

and so forth. Or, wo may write (233) in tho vootor 
form : 

iV-[M,//] (234) 

whore terms of a lower oi’dor of magnitude aro noglootod. 

If wo wish to start out from tho potential law wo havo 
again to oonsider any inflnitoly small displaoomont of tho 
rigid magnotio dipolo; wo oharaotorizo tlds displaoo- 
mont by means of tho throo translational oompononts 
It, i}, w, and the throo rotational oompononts 
Then by I (349) tho work porformod by tlio pondoromotivo 
forces of tho magnotio field is : 

/t - -ifiP. + VFy -h ^ol^ -h 4- r)Ny -I- . (2!!n) 


Considering now tho ohango of energy U producod^by 
tho displacement, wo find it expedient to take out of tlio 
expression for tho total energy of tho system undor oon- 
aidoration those terms whioh remain unaltered during tho 
displaoomont, just as was done in § 41 in deriving (213). 
This is aooomplished by observing that tho total onorgy 
consists of three terms : firstly, of tho onorgy of tho hold 
when tho dipolo is ■imagined absent (self -potential of tho 
field), secondly, tho onorgy of tho dipole, when tho field 
is imagined absent (self-potential of tho dipolo), and 
thirdly, the potential of tho field with rospoot to tlio 
dipole. Since tho first two terms are not influonood by 
tho displacemont of tho dipolo, tho tliird romains as tho 
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only one whioli changes. Wo then obtain just as in 
(213) : 

U = ~ -1- al, y -i- pi, t + yl + OOllSt. 

U = -I- y|) -I- const. 

t7 = - {MJIj, -I- MyJIy -1- Mtih) -I- const, . . (236) 


The displacomont brings the polo from .i;, ?/, z to .-r + w, 
y -1- V, z -1- w and changes its direction to a -I- cZa, p -I- dp, 
y H- dy, so that by I (499) : 

doe = y-q — dP'^ — yf, (ly = — v/q ■ . (237) 


Hence, since M is constant : 

dMx =■ Airda, (iMy = jlfdp, clMt « ilfdy 

and : 

and BO forth. Oonsoquontly by (236) : 

- d 1/ =* Jtr( J/,da H- J/jdp H- Ihdy) _ . . 

-i- U H- My -I- Mz 


(238) 


If wo substituto in this tho values (237) for da, dp, oZy, 
and, by (211), equate tho expressions (236) and (238) for 
any arbitrary displacojnont, then wo again got for tho 
resultant force F and, tho resultant oouplo N exactly tho 
same expressions (232) and (233) as wore obtained from 
tho law of force. This moans that tho value of tho 
field-strength JI is important only for tho resultant oouplo, ' 
but not for tho resultant force. A homogeneous field, no 
inattor liow intonso it may bo, is never able to move a 
magnet bodily from its position. Hence we measure the 
flold-strongth // by tho torque it produces. 

If a small magnetic needle which can ].-otat6 freely 
about its centre of gravity is situated in a magnotio 
hold, then when it is in stable equilibrium, for which U 
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assumes its mmimum value (I, § 110), the clirootion of 
tlio magnetic axis, taken from the iiogativo to the positive 
pole, coincides witli that of the fiold-strongth. But since 
in § 3 wo dclined the direction of the fiold-strongth as tho 
direction from the south polo of the noodle to its north 
pole wlion in stable equilibrium, it follows that tlm north 
pole is to be regarded as positive and tho south polo as 
negative, and, correspondingly, tho magnetism at tho 
north polo as positive, and that at tho south polo as 
negative. 

In the case of a uniformly magnetized sphoro, such as 
wo may approximately regard tho earth to bo, tho direc- 
tion of tho magnetic lines of foroo botli inside and outside 
tlie sphere is, by § 37, from tho free positive charge to 
the free negative chai’go. Now since tho dirootion of tlio 
linos of force of tho earth’s magnotio flokl runs roughly 
from the geographical south polo to tho goographioal 
north pole, it follows that the goograpliioal north polo of 
the earth is a magnotio south polo, that is, its froo charge 
is nogativo. 

^ Wo oan also follow Gauss and measure magnotio quan- 
tities in tho absolute system of units by combining two 
difforent experiments which are performed on n magnet 
needle of moment M in tho earth’s Hold of intensity It. 
In tho first experiment we dotermino tho time of swing 
of the needle in tho earth’s field (vibration experiment), it 
being assumed that the needle can rotate freely about its 
centre of gravity : in the second wo determine tho amount 
by which tho same needle, now kept fixed, dofloots any 
other needle which can move freely about its oontro of 
gravity (deflootion exporiraont). By I, § 1<I:0, tlio first 
experiment gives the turning moment M . 1/, tho sooond 
M 

gives tho ratio — , which determines tho angle of dofieo- 

tion. From these two values wo can get M and U 
separately. The unit of intensity of magnotio field is 
often called the “ gauss.” Tho horizontal component of 
the intensity of the earth’s magnotio field amounts in 
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Germany to about 0*2 gauss, its deviation from the 
goographioal moridian to about 10° to the west (declina- 
tion), the magnetic dip below the horizontal direction to 
about 60°. 

§ 46. A magnotio hold exerts pondoromotive forces oven 
on a magnetically soft, paramagnotio or diamagnetic body, 
as can bo deduced either from the potential law or the 
law of force. If wo wish to calculate the total ofCect it is 
preferable to use the potential law. li’or example, wo ' 
have already seen above that a sphere that has been 
introduced into a magnotio hold acts on the hold at tho 
place whore it is situated, weakening or strongthoning it, 
both inside and outside tho sphere, according as its per- 
meability /X is greater or loss than the permeability of 
tho surrounding medium. It is easy to see that this 
theorem will hold c[ual{tativoly for every other form of 
surface of tho body. Hence it follows that tho fondero- 
motivo forces, whioli always tend to diminisli tho energy 
U of tho whole system, and honco also tho hold-intensity, 
would, when acting on a body which has greater per- 
meability than tho surrounding medium, tend to bring 
tho body into those parts of tho hold where tlio hold- 
strength is greatest; for there it would decrease tho 
energy of tho hold to tho greatest extent. In a homo- 
gonoons hold, however, it does not matter at all to tho 
energy whoro tho body is situated, and honoo no pondoro- 
mobivo forces aot on it at all as a whole. If, oonvorsoly, 
/x</xo, tho pondoromotivo forces drive tho bodies to tho 
points whoro tho hold-strengths are weakest. 

Honco if a rod of any substance suspended so that it 
oan rotate in a horizontal plane is placed midway between 
tho polos of a powerful horso-shoo magnet, it will sot 
itself axially in tho direction of tho lino connecting the 
poles or transversely, that is, porpondioular to this lino, 
aocording as tho poi'moability of the substance of which 
tho rod is oomposed is greater or loss than that of tho gas 
or liquid in which tho magnet and tho rod aro immersed. 
This is nob to bo explained by saying that in the one case 
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the rod always sots itsolf in tho dirootion of tho linos of 
foroo and in tho other at right angles to them, but on tho 
ground that in tho direction of one of tho polos tho 
intensity of field increases more rajndly than in a lateral 
direction. If wo arrange so that tlio fiokl-strongth 
inoroasGS moro rapidly in tho dirootion porpondioular to 
tho linos of foroo than in tho dirootion parallel to them, 
tho reverse ofEoot is observed. 


'i'lie same oonsidorations apply to olootrostatios and 
explain why an olootrioally unohargod ]hth-ball is attraotod 
by a rod of obonito that has boon rubbed ; tho reason is 
that the dielootrio constant of tho pith-ball is groator 
than that of tho surrounding air. 

If WQ aro moro interostod in tho total rosiilting pondoro- 
motivo effoot than in tho individual looal forces, tho law 
of force is often preferable to tho potential law. Tho 
law of ioroo is given in its most general form by tho 


TJiis runs, analogously to 230 : 

Xx => 



- i (2JV - 


- i {2//, a - IP) 

OTT 

Ys - 



( 21 ) 0 ) 




Itt 


-JlJIy 


When applied to any arbitrarily small olosod surface tliis 
tensor gives tho pondoromotivo foroo of tho magnotio 
field which acts on tho matter inside tho surface, in tho 
mamior of tho oq.uations II (83). 
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§ 47. Tino noxb «top takoa ub from tho statical olcokio 
incl magnotio fioldw so far oonsiclorod to tlio stationary 
iolcls. I’lioso difCor from tlio statioal fields in that, 
ilthongli tho olootromagnotic Htato of the field in thoir 
jaso nndorgooa no ohangos with tho time at any point, 
lovortholosa a continual transformation of olootrio onoi-gy 
nto hoat can talco place at oortain points. Tho equations 
64) and (^15) then oontiuiio to remain valid, that is i 

curl /fl 0 (240) 

md : 

curl // Y .... (241) 

> 

mb tho produot or kJS J can difCor from zero ; that 
3 , in a oonduotor a flux can exist whioli is ovorywhoro 
lonstaut in magnitiido and dirootlon. 

A oaso of this kind occurs, for example, when a numbor 
jf oonduotora of tlio fii'Ht and the second class form a 
nultiply oonnootod spaoo or a olo.sod chain (§ 21). ’’.I.'ho 
aw of potential soquoiioo (104) is then no longer obeyed, 
[natoad, a relation of tho following form holds : 

7i/ia 4- -b • • ■ . (242) 

whore E, tho olootromotivo force of the chain, is a quantity 
which dilfors from '/oro and ia determined by tho oiiomioal 
naturo of tho oonduotoi’s. As wo liavo soon, in this. oaso 
tho conditions for a statical state oan no longer bo fulflllod, 
and henco oortain ourronts will arise, which must finally 
assume a stationary oharaotor if tho oxtornal conditions 
are to bo maintained. Wo shall now investigate stationary 
states of thia typo. 
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The chief cUsfciiiotion between stationary iiolda and the 
statical fields that were oonsidorod above is that in tluv 
former, owing to the relation (241), the olootrio and 
magnotio quantities aro no longer indopondent of each 
other; ratlior, wlierevor olootrio curj-'ents exist magnotio 
fields also occur. Wo shall now sot out to find the olootrio 
field as well as the eleotrio currents for a given case and 
to investigate Avliy also the magnotio field is complotoly 
dotorinined by the oleotrio currents. 

§ 48. Let ns imagine, as above, a closed galvanic chain 
consisting of any iiuniber of conductors of the first and 
the second class which form a doubly oonnoctod space 
with one another and are surrounclod by a common 
insidator. Wo shall supi)oso the oontaob potentials at 
the boundary of each pair of substanoos to bo given, so 
that tho olootromotivo force (242) of tho whole chain is 
also known. 

By (240) the olootrio intensity of field E has in the 
stationary state a potential ^ inside and outside the 
oonduotors, and this potential is ono-valiiod, because every 
arbitrary olosod curve can bo oontinuoiisly oontraoted 
right down to zero without leaving tho domain in which 
(240) holds (of. II, § 69). On tho other hand, tho fuuotion 
^ ia discontinuous, for at tlio boinidarios of each pair of 
substances it undergoes abrupt changes of given amounts. 

In gonoral the first dilTorontial ooolHoionts of <!> arc 
oontiiiiious. Discontinuities occur only at tho boundary 
surfaces ; and on account of tlio stationary stato wo always 
have, by (45) : 

J, H- J',' - 0 

or : 


d<f> ^ , 0f 




+ i< 


dv' 


= 0 



which, in tho oaso of a boundary surface botwcoii a oon- 
duotor and an insulator (k = 0), reduces to tho simplor 
relation : 

deji 
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'.riiirt cian bo (ixprc^HHod in wiinplo pbysioal languago by 
Haying Uuib tlio ivUndruj oluirgos at tlio boundary nurfacoH 
aro nob anoobod by tho ouvroiibH. 

b^inally, by (50), bho oUiofci’iu potential funotion f/j 
HabiHlioH La|)lao(^’rt cupuition : 


A(/> — 0 


:2-j4) 


<’iYei‘y\vlu)ro in bho iiitorior of tlio oonduotora and the 
iiiHulatoi'. 

On tlio bania of tlio above oonditions it oaii now bo 
]n’oved diroobly that tho olooti'io intonsity of fiold and also 
. tho oloidrio unrroub in tho uondiujtors aro fully dotorminod. 

,Eoi‘ if wo aHHuino that thoro aro two difforont funotions, 
(j> and <//, whlob may both bo r(5gardod as olootrio ])otonbial 
funotions of bho Hystoin nndov oousidovation and sob tlioir 
dilfoi’oiioo «/)' — <!> function c/jq also fullila tho 

oonditions {242), (2411) and (24'l;), Moroovor, (^q is not 
only ono-vahiod, Imt jiIho continuous booauso in it tho 
abrupt ohaugos of </> and <// oomponsabo oaoh othor. 

Wo now write down for any individual oonduotor tho 
woU-lcnown tranH, formation of bho integral : 





Ha 

01 ' 


and bluMi form tlio huiu of the ooiTosponding iiitegralH for 
all the ooiiduetoi’H. Wo olitaiii as tho total HUin Q of all 
tlioHCi positive Hpaeo-integraiH tlio oxprossion : 



'Pile Huniinabion A’ is to be effeotod over all tho boundary 
Hui'fiiees of oaoh pair of noighliouring uonclnotorH, whoroas, 
on aoeouiib of {24!!), tlio ternia that refer to bho insulator 
boiuidary aro omitted. 

Now Hiuoo (/>„ is oontinuons and ofjual to (//q. <3 0 

(242u.) and f/j,i is (sonstant every whore in all tlio ooiuhiotors. 
ilonoo liwo (lilVonmb potential funutioiis </> and </>' of the 
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system oan difCor only by a constant, so that tho oloobrio 
intensity of field E and tlio olootrio ourront J kE n-ro 
everywhere completely determined. T'ho additive oon- 
stant which still remained nndotorminod in tho valuo of 
the potential function ^ oan only bo specified definitely if 
either the total charge on the whole system of oonduofcors 
is loiown or if a definite potential is given to one of tlic 
conductors, say, by connecting it to earth. If wo assume 
this additive constant to bo fixed in this manner, then thci 
potential in tho surrounding insulator oan bo oaloulatod 
in the well-known way (§ 19), so that all tho olootrio 
charges oan be determined and tho whole probloni is 
solved. We see that neither nature of tho insulator 
nor tho statical charges are of any oonsoq^uonco for tho 
properties of the electric field and tho ourront in tlio 
conductors, but only the constant potentials and tho 
conductivities. By (242ft) tho oonduotivltios /c l)lay 
exactly tho same part in deciding tho course of tho linos 
of force in tho conductors as do tho diolootrio constants c 
for the lines of force at the boundary of two insulatora or 
the permeabilities /x at tho boundary of two magnotizablo 
substances, The field-strength there always undorgooiH a 
oharaoteristio abrupt change both in magnitude and In 
direction {§ 17). 

§ 49. We shall now oonsidor more closely tho proportioH 
of the oleotrio currents that have been shown to exist in 
the conductors. Since the lines of flow ooinoido with tho 
eleotno lines of force, they intersect tho equipotontial 
surfaces ^ = const, in the direction of tho normals, as in 
the statical field, whereas they run tangentially along tlio 
surface of the insulator. All stream-lines that start out 
from the pomts of an arbitrarily situated surfaoo-olomont 
da form, when taken together, a “ ourrent filament “ 
within which the electricity flows like an inoomprossiblo 
liquid in a closed tube, since, on account of tho stationary 
state, the same amount of eleotrioity : 

da,J,= ~ da, kM . . . (240) 
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flows through every oroHs-Mootioii of tlio filiunont in unit 
time. IIoi’o p donotos tlio nornuil of da in the direction 
of the ourront. At tho bouiKhi-i'y of two conduotor's tho 
oiuTont-rilamtMit in gonoriil ohangos ita dirootion siuldonly 
witliout tho (quantity (24(5), tho intouaity of tho ourront- 
filainont, changing. 

Tlio total How of oluotrioity in Iho aystoni of oonduotoi’H 
is oompoaod of infinitely tliin ciirront-filainonta of thin 
kind, and tho integration of all tho intonsitioa (2'l (5) over 
tho whole orosa-soction of a conductor givea tho “ intimaily 
of ourront ” or tho " oun-ont-atrongth ” in the aystoin of 
oonductors : 

J-. .... (247) 

which roiraonts tho (quantity of olootridty which fiowa in 
unit tiino through any oroHS-HCotiou of tho Hystoin of 
conduotors, indopondoutly of tho form and poaibion of tho 
oross-sootloii. 

Lot 118 next oonsidor tho oaao of linear conduotors, by 
asBUining all tho oross-sootions of tho oonduoblng sysboms 
to bo inflnitoly thin, '.fiho wholo otirrojib thou rodiicoH to 
a single inflnitoly thin ourroiitdllainonb, and wo oau take 
da to stand for tlio normal oroHH'Sootion thus dv donobos 
tho length da of a oondiiobor. Omibbiiig tlio integral aign 
in (247) wo may writo : 

d<[> J 

-J- — - 

C.V l<({ 

and, intograbing witli rospoob to « from one oroHH-Hoobion 1 
to another oroHS-sootion 2 of tho saino oondiiotor, wo got : 

ilMio oonabant ; 


whioh oooiu'H hoi’o ia oallod tho “ roHisbanco ” of tho piouo 
of tho oonduoboi’ hotwoon I and 2. If q ia cormtant, tlio 




J I'hla 




(248) 


IV 


-u 


n 
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roaistanco ia proportloiiiil to tho and invnvudy 

l)ropor(iional to tlio (mwH-KiMitioii <il’ tlio ]mHfo of iaindnohu*. 

Tho ooollloionb ^ ia (lalltid tlio “ H[Kitiilio ri'niMtiuu'o ” of Mii' 

substanoo of wliioh tlio oonduotoi.' in omniKiHcal. Ily 
tlio intoiiaity of mirroiit J ih oipial to tlu' (|iioilriil. of llio 
fall of potoiitial by tlio ri'Mintaiioo. 

If wo sum up tho o(xuation (2-lH) iivcd* varioiiH run 
duotoi’s in suoooHHiou, by writing down tho oori'oHponding 
relation at first for tho first oonduotor <if oross stMitioii 1 
to tho boundary of tho Hooond sulistanoo, Ihon from llio 
aooond subatanoo to tlio boimdai'y of tlio third HuhHlatn'o 
and 80 forth up to an arbitrary oross Hootioii », of iho 
?itli oonduotor, and thon adding uji all tlio iM|ua(ioiirt mu 
obtained, wo got, taking into aooouut tho diMconlimdIy 
(§ 27) of tho potontial funotlon r/i at tlio iKumdary of tuii 
oonduotors ; 

tjii -|- H' , . . — tj),t 

J . (itJi -b Wg -I- ... I' w.,) 
or ! 

'Ab.”"* ''A* '■* " . 

whoro denotes tlio sum of the (lontaob pnlontialH nr 
tho oleotroinotivo foroos tliat lie hotwi'on tho oroHM- 
aootions I and n, and donotos tho sum of tlio roMiHtantn'a 
tliat lio botwoon 1 and 7 i. 

If, finally, wo pass rigid round tho okmod oliiiin, tho 
oroas-sootion ooinoidos witli tho oroHs-snotion 1, mu! 
since tlio olootrio potential funotioii r/, is ono valuod, wn 
havo (/>„ =» f/,^, and obtain from (2fi()} : 



Ihia is Ohm’s Law. It states that tho intoimity of mirrmit 
111 a olosod systom of oonduotors is ocjual to the ([notiriit of 
tlio total olootromotivo force by tlio total ivnUmivv. of ( lu^ 
oiuTonb circuit. 


. (2Mk4) 

. {2nu) 



STATinNAUV KI.Kc’nrnMAdNKTlC KiKM) lU!) 


§ no. Ill .'ijHifinllji rxli'HiliMl »-»iiuln(it(irM, wliinh w(» now 
piisfi nil In inimiili’r. Ilin «’niuliti(iiiH am imuili mom 
I'niiiplinalnil. ill (liul iu lliin caHM Uin n{ Uio 

iMirmiit lllamMui‘4 in a nuniliu^tni’ am not ^ivnn at tlm 
muIhmI. Iiut Imvi' in IiimI, In Im (’aliMilatnil liy 

inirj^raliiiy. Iln* I’nual imiH. Hut llin uxpnissinns 

(’J-inj ami (~IV| always ImM fur llu« l•m'mllt iulunHitmM in 
ail imlivnlnal rurmiil lilaim-ul ami in llm Intal Hyntniu nf 
I’liiulunHa'H. Hi’urn ilu* mpialinn (“J.'iii) aUn IkiIiIh if it in 
applii'il In an imliviHual inliiH(«*ly tliin nmnnit lilamnnt. 

if wn iinw uil'l lip Urn luimait iiiti'imitma of all tlm 
unrmiil lllanmnlu. whii-lt lyiiif^: In^ntlnu' latnrally travarnn 
llm ay«t<’in of i nmlinMma, finni dm m|ulpntimtial Hnvfann 
in dm viimlih'iiir 1 l«i llm mpiiputontlal Hurfiuin 
ijt ^ « ill tim »•nn•lu«anr n. Ihvn wn nlitaiii fniin (2fii)) for 
dm ditnl ininii^ity nf i<iirn*nli of tIm Kyntnin : 


.1 I i:iC ) . .S' ,1 • . . (^na) 

111 uoutnmt wiUi dm Hiniuiiatiou A' ovnr dm partH nf a 
uurn:mt. Iilaitmnl;i iiiat lin " lii'himl ” ono Hinidmr nr " iu 
moH.” tim ainiiiinilinn horn Ih in hn pni'fnrnmd nvnr dm 
utimail. lllaiimiilx tliat lin " inljamml " In nun aiintlmr nr 
“ ill iiamltni." nn wn ilUtiii^uitili dm latlnr Huiuiuatlnu by 
urtiu}4 dm Inltnr *V. 

If \vn follnw dm aitaln^y of ('4An) ami wiitn : 

J IP ^ ' 

WM nail nail dm ipitiniily ; 

..... (251) 

.S' . 

Am 

dm rmiUtaimn of llm Hpatial ayMinni of nimilimtnrH in 
i|im4iUiin. 'I’lm ilniinmlnalnr of IIiIh nxprnMHinii in alnn 
(juIUhI dm " ntmtIimUvily '* {Lriiimt) of dm Hyatniu. For 
limmr nmulimUtm IP bcniimn^ nipiivl to Am. 'I'lm niiumm' iu 
whiuli dmwinmnadniiHarn Hi Im nifnntnil nail bn nharactm*- 

K 
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izocl by saying that in sviinniing over h])iu.u>m tliat arn 
travorsod in sorios tho rosistiimiiiH nuiHt bo lubhul, wliorojw 
in siimining over H])ac!()H tliat am ti'avorHod. in paralbd tlii' 
oonduotivitios must bo add(5(l. ,lhit lihis rui<» is of praotioal 
nso for calculating IK only wlu'ii l)ho [iiwiliou of tin' 
curront-lilamonts is kn{)\vn. Wo can H]ioak of (pIio I'osisl,- 
anco of a spatially oxtondod uoiidn(!(;or In a (l(!lliilU< sonso 
only if wo know in what way it is trav('i'sod by Mu' oiirrout. 

In applying this result to the total (slosnd oironit, </j« 
again ooinoides with and by (253) wo obtain Obin’s 
Law also for space ourrouts : 


§ 51. As an oxamplo lot us calculate tlio rc^HistaiUKi IT 
of an olootrolytioally conducting lupiid or ('lootrolyU' 
(salt-solution) in tho forju of a hollow circular oyiindor witli 
tho radii a <b and height A, which is bounded liy tiwn 
coaxial metal oylindors, tlio oloctrodoH, aiuL is travcu'si'd 
by the ourront from tho insido outwardH. 'I’lio liinor 
olootrodo is then called the anode, the outer electrode tho 
cathode ; and tho potential fj) in tho olootrolyto Hiiiks from 
tho value f/>i at tho itihor surface to a value r/j.j at tho outer 
surface. The connection of tho cathode with the anode 
to complete tho circuit can bo supposed to bo (dTtadtsl 
around tho outside of tho system, luit in siicli a way tlud 
tho symmetrical charaotor of tho oui‘ront-llow is lud 
jndiced. 

Since metals have a nnich greater conductivity ic than 
oleotrolytos wo oan as a rule, on aocsount of tho l)oundarv 
condition (242rt), neglect the potential gradient in tlio 
metals oompai’od with that in tho oloctroiytoH. 'I'lie 
potential insido a metal is then essentially constant and 
the surface of each electrode is an oq.uipotential Hiii’faou. 
Iho potential (j), and hence the whole eurront-ilow in tlic 
olootrolyto, is then fully determined by the eonstant value 
ol (/) at tho electrodes, 

In tho present ease tho expression ftir tho potential 
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funotioii <1} in tho olectrolyto can easily be calculated. On 
account of tho boxnidary conditions (243) at tho highest 
and lowest oross-soution of tho cylinders, whore the 
olectrolyto is in contact with tho snrronnding insulator 
and on account of tho syinmotry about the axis of the 
cylinder, which wo shall take as our ^-axis, all the current- 
lines foUotu a radial course, Honco tho potential depends 
only on tho distanoo p of tho roferonco-point from the axis, 
and tho gonoral integral of iLaplaco’s equation (244) is 
roprosontod by tho logarithmio potential (I (146)) plus a 
constant : 

f^ = Alogp + R . , . . (266) 

Tho values of tho two integration constants A and B 
follow from tho condition that for p »=< a, ^ and for 
p M 6, f/> => f^ 2 * Honco tho potential fall from tho 
boundary of tho anodo to tho boundary of the cathode is : 

1^1 - 1^2 “ — log ~ ■ • ■ • 

a 

On tho other hand, wo obtain tho total Intonsity of 
ourroiit J from (2<t7) by integrating ovor an arbitrary 
coaxial oylindor whioh sorvos as a oross-soction of the 
conductor, being of radius p and height h : this gives : 



If wo substitute tlio oxprossion (256) for and the value 
27rp . dz for dcr and integrate from 0 to h with respect 
to z wo got : 

J = ~ 2'rTicAh 


Dividing hy (257) and using (253) we obtain the required 
value ; 


W - '/h “ _ 1 

” ~J ~ Wt 



(268) 


Thus tho resistance is inversely proportional to the 
height of the oylindor and depends, remarkably enough, 
only on tho ratio of the two limiting radii, 
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Wo can avi'ivo at fclu^ Hiuno viilim nC II'' for IIkj aijt)vo oaHo 
ill a moi'o iliroob way by mi'ann oE (MiuatiunH {2ril) aiul 
(24!l) iC wo makt' imo oi' tlio faob tliat !hn linoH i»f lluw aro 
nulial and Hyjninoirioal. 

§ fi2 , Ah a NOdoud i^xanijilo wo Hliall I'ahailalo iho roHiHli- 
anoo of an olootiolyto wlimh in of inliiiili' (*xl<aib in ail 
dirocitioiiH, in wliioh two H))liorioal ('bMilrndi’H ilio aiioilo 
of mdiiiH (4, Iho oabhodt^ of radhm h Ho al, a nn*at iliMlani'o 
li from oaoli oblior. Wo may HnpiHiHo llu< roliirn omi- 
noobion from tho oabhodo to tliu anod<» in ho mado by 
moaiiH of a wire wluuli w oavofiilly hiHulatod from tlu^ 
olootrolybo and wliiuli in ho thin that tho ('loidiio Ih'hl \h 
not appi’ooiably diHturbod by it (of. oiul of § 2b). Any 
olootromobivo foruo Jiiay bo ap[>liod to ib. 

With bhoHo aHHumpbloiw bhu jiotontial «/i in tlio (duotro- 
lyto oau bo wiprcHonbud liy tho folluwiiiK jiarthmlar 
Holubiou of haplaou’H diiforoubial oipiatioii : 

m) 

whoro j'l and cloiioto tho iliHtauuoH of tlio rofomiiao- 
point from oonbros of blic Bpliorus; and Ji donuto two 
oonstanta whioli aro dotormhiod by blio valuoH (/*, ami 
of tho potonbial fimotiuii at blio HurfaooH of tho two uluo^ 
trodos. l^or on the firnt Hphoro wo havo «■» a< <r^\ 

lionoo <l> </j|. At tho Hoaond Hphoro «■"' b< cj'j; 

honcio f/i 0a. from tliiH it followH by : 

0 .... ( 2 ( 10 ) 

On bho obhor hand, (247) givoa for tlio total intanaiby 
of ourronb, if wo ohooao in tlio ono tuwiio tho aiiado Hurfaoo 1 
(r =--- rj) aa bho orosa-aootion of bl.io mirronb and in tho 
obhor bho oabliodo Burfaoo 2 (r ■*- i\) i 



s'r/vrroNAK-Y i']rA'i{n'H.oi\rAr}NKTTr! in^Ln m 


Dr, J)y (200), if w(i ixirforin tliu intograbions ovor tho 
HUi'fa(i(^H of tlia two KplioroH : 

r/ • ■■■•■■ ‘Ittk 

'Dhh givDH f(ir tlu' tobal n^Hinbamui of tho inliiiitoly 
oxU'iuh'd ('l('(!tn>lyti(i (-.iiiKhuitor : 

IK . '/'I ■ '/’a , , ' I (202) 


'I’liiH J'o^^vlU allowH UH to (Imw an intoK'nliiig oojioluHioii 
alHtulr ilio olo(ilri(» niHmbaiuio of Mui oartli. hor ib ih 
nlivioUH Uiab (Jio HyHtoiu of linoH of How In blm ah()V(i 
oliHitnOytc' art' in no wiMi\ aUtn't'd if wo plaoji an hiHidatod 
hori/ontal }»laiio of inlluilo oxboiit througli tlio oonbroH of 
ilu' bwo Hplan'ioal Hiirfaium and if wo iH^jihuio uivpoi.' 
half of blin iidinibo H)>aoo aliovo (ilui Jiori/.oiital j)lano hy 
an iimulator (air) whioh oan mJho Iki blio ro(}optaol(vol blio 
roUu'ii haul from tlu^ oathodo bo llio anodo (btHi^graph 
wiro) wll.il tho oloolroinobivo foroo wliioli il) oarrloH. H'ho 
oxproHHioii (200) for Iho potiaitial fiinotion tlion minaiim 
uiuillionah On Iho olhor hand, tlio iiilogralH in (201), 
ninoo Iho oi’ohh Hoivlion of i.lio oiirrivnli m lialvod,' alao 
liotiomo I'odiiood |o lialf llvoit* valium, ho lhab wo obtain 
for blio i'(mlKlatuui of blu' part of llio oarlh IhniLod hy tho 
liorizonbal HUi’fa(!o IioIwimmi blio bwo widoly Hoparatod 
lioiniHphoi’ioal olooirodoH of ratlii, a and h : 


W 


:i 

2tti< 



( 200 ) 


in plaoo of (202). 'I'liiH oxproHHioii dooH not dopond at al 
on bho dmbanoo of Iho oloobrodoH, bub only on bluur Hizo. 

VVJion lluH roniarkablo faob IIvhI booamo known, hooio 
pliyHioirtlH woi'o lod by it to aHHUino that blio oarbh’n 
rcmiHtanoo has ibH Roat oxuhmivoly at tho Hiii'faooH of tho 
olootrodofl, biiat ih, it Ih to ho rogardod aH a Horb of Hupor- 
rioial i-oRiBbanco {t)l)erg(mgmidmtand)f whoroaH tho body 
of bho oavth itaoif haa no roaiRtanoo at all. Aa wo havo 
soon, bliia viow ia in no wiao jiiatinod. Tho apparonb 
paradox that blio oartli'a roHiataiioo m indopondont of bho 
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cliatailoo R between the electrodes is oxi)lainod imme- 
diately if we reflect that the increase wliioh the rosiatanco 
acquires through the inoreased length of tho ourroiit- 
filaments is exactly compensated by the dooroaao of 
resistance caused by tho fact that tho oiirrent-filamonts 
penetrate more deeply into tlie body of tho earth and 
hence produce an increase in tho cross-section of tho 
current. 

§ 53. Finally, lot us consider in greater detail tho case 
where the system of conductors Alls a spaco which is 
more than doubly connootod or, as wo say, has branch- 
points. We shall restrict ourselves to linear conductors. 
These then in general form an irregularly arranged net- 
work whose knots form tho “branch-points.” Eaoh 
branch-point is the meeting-point of three or more ooii- 
duotors. The portions of conduotors between oaoh pair 
of neighbouring branch-points are called tlio “ branohoH ” 
of the system of conduotors (or circuit). In every branch 
wo may introduce a special electromotive force, which wo 
shall suppose to be given. Then, as G. ICirohhoff; has 
shown, there are two simifle rules by which wo oan 
calculate tho stationary current-strength, which will, of 
course, have a special value in each branch. Firstly, 
since tlio process is stationary the algebraic sum of all 
the quantities of electricity that flow into oaoh branch- 
point in a definite time must bo zero for each branoli- 
point, that is : 

SJ = 0 (204) 

Secondly, for every individual branch tho relation 
(249a)j whore and denote tho values of the pol:ontial 
function (/> at the initial point and the end point of tiro 
branch, must hold. Now if wo combine any adjacont 
branches in oontinuous succession to form a olosod oirouit 
and add tho corresponding relations (249ffl) together, the 
values of <{> cancel in pahs and we got Kirohhofl’s second 
rule : 




(206) 
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whoi'o tlio qun-ntities J and w oaoli relato to an indi- 
vidual brancli of the olosod circuit. In applying the 
formula wo nuiat take oaro that the j^ositivo direction of 
and J corroaponds to a definite clockwise or anti- 
clookwiac motion round the circuit, 

§ 54. Lot us a|>ply KirchhoR’s laws to the ordinary 
Wheatatone Bridge, which is the system of conductors 
shown in Eig. 7 ; wo shall 
calculate the oiirrcnt-strengths 
for the arbitrarily given resist- 
ances w in the main circuit, 
tVi, ill the four 

brandies and in the bridge. 

Suppose an electromotive force 
B to bo acting in the main 
ourront. The directions in 
which the quantitios E and J 
nro to bo oonsidorod poaitivo in the oaloulationa are 
shown in tho figure by arrows. From (264) wo thou got 
the relations i 

J ^ >J I -I- i) ~ i/a "I" ^ 4 

= i/y -|- Jaj >^a ■!’ *^0 “ ‘^4* 

Ami from (265) wo got tho relations : 

E « J'W -h JiiUi -h 

E “ Jw -I- - 1 - 

0 ““ J-iio-i + JoiCy ~ ./.jWa 

0 == «/ ^0,^ —■ J ,iW^ J qWq 

'’.riiGSO equations dotorinino tlio ciirront-sbrongths in all 
tho branohoa. H’lius for tho current in tho main circuit 
wo got : 

T _ -I- (wi -{• w a) K -f - (266) 

where tho sums 2 aro to be jporformod over the four 
branohoa 1, 2, 3, 4. Eor tho current in tho bridge \vq 
have : 

T _ “ WiW.i).J^ 

* ” '(w]^'^rW37(W2 + V>i) 


B 



( 267 ) 
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- If there is to be no ourront in the bridge the 
condition : 

iVy '.102,=-- v)^\w^ . . . . ( 2 () 8 ) 

must hold, as is clear from (207). 

§ 65. Having scon in tlio preceding seetionH liow the 
electric .potential and tlio ourront-strongth may Ix^ detor- 
raiiied in a stationary field, wo shall now assumo the 
electrical quantities to bo known and shall investigate 
how the inagnotio field, which they call nj), must bo 
constituted. The relation (241) between the magnotie 
field-strength Jf and the ourront-donsity J, in oonjunetion 
with the general relations (61) and (62), furnish the data. 

To simplify the discussion without losing sighi; of the 
characteristic features, wo shall in the sequel, unless tlio 
contrary is expressly stated, always assumo tho per- 
meability g to bo of tho same value in ail aubstaneos, bo 
they conductors or insulators. Eor then tlio fiold-strongth 
H is oontimious at all the boundary surfaces, on account 
of (11) in tho ease of the tangential oompononts, and on 
account of (62) in tho case of tho normal oompononli, 

In this form the p].’oblom of calculating tlio magnetic 
field-strength II from tho our].‘0nt-sfcrongth J is shown to 
be oomplotoly identical with tho problem of calculating 
tho velocity q of tho liquid, assumed steady, from the 
vortical velocity o of an incomprossiblo liquid (If, § 73), 
and W 0 are in a position to mako use of the laws which 
correspond in tho present case to those which liold in 
hydrodynamics. Erom this wo doduco tho important 
result that the current-density J uniquely detorminos the 
magnotie field-strength II in the wliolo of space, inside 
and outside the currents. 

feiiioe hy (241) curl J/ = 0 outside the ourronts the 
magnotie field in the insulators has a potential <j). 'J^ho 
question is whether this magnetic potonliial r/j is one- 
valued and oontinnous. The oondition for this is identical 
with that wliich requires that the integral : 

j^llxdx + Hydy -h ir4z=--A . . . ( 2 ( 10 ) 
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should bo Koro for every olosecl ourvo that lies entirely 
within the insulators. Now it follows from the relation 
c\n'l II = 0 that the integral (260) retains its value wlien 
wo alter tho curve to an iniiiiitcsimal extent (II, § 69). 
'Thus tho question as to whether tho magnotic potential is 
ono-valuod and oontinuous reduces to the cpiestion as to 
whether tho closed curve which lies entirely within the 
insulators can bo contracted continuously to z.oro. For 
if this can be done the oonstant value of (209) necessarily 
becomes zero. iSinoo in the present oaso the insii- 
lators, like tho condirotors which are boing traversed by 
currents, form a multiijly connector! space, tlio question 
which has boon proposed must in general bo answered 
in tho negative. It is, in fact, not possible to oon- 
traot to zero a curve which lies in an insulator and 
u'hioli onoii.’cloa a conductor through which a current is 
passing. 

If then, on aooount of 'the ourront passing through the 
oonduotor, tho value of tho integral is not equal to zero, 
this ourront will have a definite oonneotion with tho 
curve in question. This oonneotion is, indeed, repro- 
sontod quito generally by a simple rolationsliip which is 
based on a matliomationl transformation of tho equation 
(211), which is called Stokes’s Tlioorom. 

§ f)6. To prove Stokes’s Theorem wo must calculate 
the change which tho integral A. undergoes when the 
olosod curve of integration is altered to an infinitesimal 
degree for tlio general case when curl II is not equal to 
zero. Wo got for this : 

SM = (ji sildh b Sifyl'fj -i- SiLdz 

+ (|)./LM't;-h//y8d2/FJL8dg . . (270) 

If wo integrate by parts, using tho foiunula 
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and take into aooonnt tho faot that tlio ilold-ooinnonontH 
Hxi Hy, lit, dopond only on y, z, wo got : 

= /’ (!/' (Sy* “ Sa«,/) -I- . . . . 1) 

Tho first factors after tho inliugral sign urti tho 
oompononts of tho voctor curl jf, tho Hoooiifl. fautoiH aro 
tho components of tho vector product of Si- and dr, wlrosti 
absoliito value is equal to tho surface area of tlio ])ara3l(d- 
ograni formed hy the displacoinont Si- and the mirvo- 
oloniciit dr, and whoso dircotion is normal to tho parallel- 
ogram, so that it forma a right-handod oo-ordiuatci Hywt<'in 
with tho directions Sr and dr. NoW tho parallologniin is 
nothing other than tlio area of surface da wliioh is swept 
out by tho curve-olomont dr, tho normal to tho area 
being v. Honoo we may write : 

8^1 -(jJ{oiirlJ/)„.d(7 .... (27^) 

whero tho integration is to bo talcon over all the oIomeiitH 
da of tho inlinltoiy narrow ring-shaped Huvfaoo fornujd by 
the original and tho disiilaood curves. T’ho dirootion of v 
is tho sonso of tho rotation donotod by tho direction of 
tho curve -element after tlio displacoinoiib and liy the 
opposite dirootion of tho original ourvo-olomont (1, ^ h:1). 

If wo now oonsidor any finito surfaoo boimdod by a 
given olosod ourvo and oomposod of olomontH da, we ean 
regard this surfaoo as made up ontiroly of infinitely narrow 
ring-shapod areas, tho outermost of which is bounded by 
tho given boundary-ourvo, whoroas the innermost oon- 
traots into a single infinitely small aina of sui'faco. Ifor 
each of those ring-shapod surfaces wo form an equation 
on the modol of (272) and obtain by adding togetiiei.' all 
these equations : 

A dr = I {curl //)„ .da . . (273) 

as the expression of Stokes’s Law, sinoo on tho left-hand 
side tho line-integrals cancel out in pairs except the 
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outormost, which, is to bo taken over the given boundary 
ourvG, and the innermost, which is equal to zero. The 
normal v of the surface-element da is to be taken in the 
direction which corresponds to the axis of the rotation 
defined by the integration over the curve-elements dr. 

Since the integral on the left depends only on the 
boundary-ciirvo, but not on the special position of the 
Surface a, the same holds for the integral on the right- 
hand side. This can also easily bo scon directly if we 
consider that two different surfaces a having the same 
boundary-curve together form a single closed surface, 
which marks off a definite volume of space, and that the 
surface-integral (273) over this closed surface is equal to 
the space-integral over the quantity div. curl JI, which 
vanishes idontioally, il'his can also bo expressed by say- 
ing that the “ total flux ” of a vector whioli is free of 
divorgonoo through any surface depends only on the 
boundary-ourvo, but not on the shape of the surface in 
any other way. iff the surfaoo is closed, the vector-flux 
is equal to zero. An example of a vootor whioli is free of 
divorgonoo in this way is the volooity of an incompressible 
liquid; another is the magnotio induction Ji, for which 
wo liavo already earlier established the oorrospondiiig 
relation in the form (53). 

§ 57. Reverting to our olootromagiiotio problem, wo 
now obtain, by substituting (241) in the form (273) of 
Stokes’s Theorem, the expression : 

(f>n.dv^~^fj,da^^‘J . . . (274) 


or, expressed in words : the integral of the magnetic work 

along a closed mirve is egual to limes the qiiantiiy of 

c 


electricity xoMch floius jter unit of time through any surface 
boimded by this cm^je : moreover, this inagnetio work is 
Xiositivo if the sense of rotation about the axis as denoted 
by the integration is in the direction of tlio current. This 
theorem is the foundation of olootromagnotism and is 
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indopendont of all matorial constants. TIio fact tliat tlio 
valne of J does not depend on the particular shape of tho 
surface follows in accordance with tho reasoning used, at 
tho conclusion of tho ju’ooeding section from tho fact that 
the vector of tho current-density J is free from divorgonco. 
So long as tho closed boundary-curve lies entirely in the 
insulator a change in its position in no way affects tho 
value of J, and tho magnetic work remains constant. !lf 
J — 0 the curve can be gradually and. continuously con- 
tracted to zero without leaving tho insulator : tho mag- 
netic work is then also equal to zoro. But if J differs 
from zero, then a moment will occur when tho curve will 
enter into the oonductoi.* traversed by tho ourront. As 
the contraction proceeds furtlier tho value of J dooroasos 
until it finally becomes equal to zoro, wliou tho curve 
reduces to a point. In this way, by oxtonding tho 
physical siguifioanoe of tho theorems bo far proved, wo 
see how they gain in content and oloarnoss. 

§ 68. Let us now determine tho magnetic field in'oduood 
by a current for a special case, namely for a linear ourront 
which is present in any homogeneous insulator ; lot tho 
current bo of given finite intensity J>0. ^l?hen, as wo 
laiow, tho magnetio field-strength JI is ovorywhoro 
uniquely defined and has the potential 0 in tho insulator. 
But this potential is not uniform and continuous. For 
the magnetio work along a closed curve which cnoirolos 
the current circuit once is not equal to zero, but has a 
constant finite value defined by (274). Thus wc have 
the choice either of assuming the magnetic potential (J) to 
be continuous — then it is maiiy-valuod — or to assume 
that it is one-valued, and then it is discontinuous (of. ill, 
§ 69 et seq.). Since we wish to restrict our oaloulation to 
one-valued quantities, we decide in favour, of tho latter 
alternative, but on each curve which envelops tho ourront- 
oirouit we must then fix on some ideal point A in passing 
through which the potential ^ experiences a sudden con- 
stant change which is given by (274). We combine all 
these ideal points A into an ideal surface bounded by 
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tho oirouit, and this surface must bo traversed if a curve 
is to bo described around the current. Tho ideal surface 
of discontinuity introduced in this way has no physical 
significance. It only serves to enable us to calculate 
uniguoly tho potential function from tho field-intensity 
in virtue of tho convention that tho line connecting two 
jioints along which the magnetic work II . dr is integrated 
must not pass through tho surface of discontinuity if we 
wish to calculate the potential difiorenco between the 
two points. This, in fact, converts tho doubly-oonnocted 
space which is occupied by tho insulator into a singly- 
connootod space, and all tho closed curves that can be 
dx’awn in it can be continuously contracted to zero. 

With this convention we can now set up all the pro- 
portios of tho magnetic 
potential function r/j 
is ono-valiiod and finite 
inside tho whole insulator. 

At infinity i/j is zero, sinoo 
wo assume that the oir- 
ouit or ourroiit-ourvo lies 
ontiroly in finite regions. 

At tho ideal surface of 



discontinuity bounded by tho oirouit f/> jumps by the 
amount in tho positive sonso if tho roforenoo-point 


]pas3os through tho surface of discontinuity in tho direc- 
tion of tho axis of rotation corresponding to tho direction 
of flow. Tliis relationship botweon the directions is sliown 
graphically in [Fig. 8. Tho continuous curve represents 
tho oirouit, imagined horizontal and seen from above. 
Ry (27^1:) tho magnotio work along tho dotted vortical 
curve which onoirolcs tho oirouit is positive for tho sonso 
of integration denoted by tho arrow. Hence the magnetic 
potential function ([) along this curve gradually decreases 
until it jumps back to its original greater value, when its 
roforenoo-point passes through the point A of the ideal 
surface of discontinuity bounded by the oirouit. 
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The first derivatives of the potential function, that is, 
the components of the field-strength II, are everywhere 
continuous except in the immediate neighbourhood of the 
circuit traversed by the current, where they become 
infinitely great, since the closed integral (274) retains a 
finite value even when the longbli of the oircuit decreases 
to an indefinitely small amount. Finally tho potential 
function satisfies Laplace’s ec[uation A0 = 0 ovory whore 
in tho insulator, 

Tho function (f) which is uniquely determined by all 
these conditions is, according to the general theorem 
derived in § 29, identical with the following potential 
function of a magnetic douhlo-layei? (or shell) ^ situated on 
the surface of discontinuity : 






(la 


whoso moment is oaloulated from tho given potential 
jump by (161) and comes out as : 

(27B) 

and whose normal v forms tho axis of the rotation indicated 
by the direction of flow of tho current. The potential 
function : 




d~ 


da (276) 

can be seen from the reasoning given in § 28 to possess all 
the properties here demanded of it. In particular, its 
first differential coefficients or the components of tho 
magnetic intensity of field are continuous tlxroughout 
and depend only on tho boundary-ourvo or shape of tho 
circuit, but in no other way op the position of tho 
siu’face cr. 

^ To presorvo the analogy with olootrostatics wo shall use tho 
^im double-layer inatoacl of the town “sholl.” which is perhaps 
more familiar to hlngliah readers. ^ ^ 
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'J?liroi;gli equation (276) all the magnetic actions of a 
linoar ourrent arc reduced to those of a definite magnetic 
double-layer. Rut we must here add an important 
remark. Equation (276) is independent of all material 
constants, in x}artioular also of the permeability of the 
inaulato].’ in which the ourront happens to be. Hence the 

value - of the moment of the double-layer which occasions 
c 


the potential jump does not refer to the real magnetic 
charge, but to the free magnetic charge just as, by (88), 
in the case of a simple electric or magnetic surface-layer 
the discontinuity of the normal component of the field- 
intensity is determined not by the real, but by the free 
charge. Henco if we inquire into the true magnetic 
moment of charge of the double-layer which is equivalent 
to the current, then, on aooount of the relation (92) the 
value of the free charge must yet bo multiplied by the 
]iormoability fx. The result so obtained may bo formulated 
as follows. The magnetio jield generated by a siationa/i'y 
lineoA' exm'enl in an inaxilator of pemeabilUy fx is identical 
loUh that of a double-layer bounded by the cireuil curve and 


having the free charge-moment - • or the kiie oha/rge-moment 

T C 


G 

The distinction we have just made becomes of importance 
when we deal with interactions of currents, as wo shall see 
later. Hero, whore wo are ooncerned only witli the 
magnetic field produced by a ourront, it is sufficient to 
consider the free charge. 

§ 09. Since wo have learned how to monsuro all magnetic 
quantities in absolute Gaussian units, the above theorem, 
or equation (276), gives us a means of measuring the 

quotient ^ directly, dlliis is tho first time that we en- 
counter the oritieal velocity c in a relationship) which can 
bo apDplied to mensuroments. So long as tho value of c 
is not known, the value of the ourront strength J in 
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GaiiHHUui unitH uanuoti lio tlmvod fnmi ina)^ju4-iu itttuimint' 

j 

moniH alono. Ntjw, 6li(^ miotiont tluuoU'H {,lni (nirmit 

Htmiigtli luoaaui’dil iu Max\V('irn ('InalrnmagiuiDo uiiitK 
(§ 7) (of. alno tlio tabl^ (if lUiilH a(. Uu( mil of Mio ImoU). 
I foiKio tlio magimtiu JUoiiHuroinonlH givo li»' lallcM' (juautiGy 
(linuilily, and that i.4 tim roasou wliy th(» practicnU HynliMu 
of uiiitH luiH boon liuktid up with Maxwoll’a obHil nnuagiudic 
HyHtoni and not with UaUHU’H oloatrontatio HyHtoiu. 

By (ini)) and (27fi) a oimidar ouirt'iit of nuliu« Jt 
produuoH at itH uonti'o tho magiiotio iiitoiiHity of Ihdd : 

(^ 77 ) 

If WO Hot ,Zi! I and ooimidor that tim imrrcnt thou ban 
tlio length 2tt, wo juay alno Hay j in Maxwoll’n (dootro- 
magnotio ttyatom tluj unit of <mrront Htrcngtb 1 h iluit 
whioh when it iiuwH in a oiroulai' aro of unit radlim and 
unit iongth aotn with unit furao on a unit inagiioiiu polo 
situatod at tho oonti'o of tiio ai’o. 

§ 00. I’o find thc» valuo of tho oritioal volooity c. w<» mu«t 

oombino tho inaguotioally moaHUi'od quantity witii tho 

olootrioally niGaBiuud quantity J. 'I'lim oau !io dono Ity 
moans of a method Jirst umocI by It. KolilrauHolv and VV. 
Wobor. Xta prinoipio oonaiHts iu uunduoting tlio dwohargo 
of an olooti’io oondonstu- througli a uiroular wlm at wUoho 
oontro a small magnotio noocllo Im situatod. I'lnH non- 
ducting oii'ouit is plaood vortioally in tlio piano of tho 
magUQtic moridian. 'I'ho pusition* of rout of tho maHllo 
thou lies in, tho piano of tho noodlo. If tlio curi’oiit iH now 
disohargod through tlio oondiiuting systum tIm noodlo 
oxporionoos a turning moment and boginn to oHoillato. 
Tho valuoH of tho quautitios involved oan then Im doduood 
in tho woU-ktiown way. It is truo tlvat wo aro not, of 
oourao, doaling with a stationary on front, but, on Uvo 
contrary, with oqo that Jaats only for a very slmrfc time and 
is oonsoquontly vory variablo. But wo shall novortlioloss 
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iinb inkodiKio an a])])r(!oial)lo cuTor by aHHvuning thab 
tlua’o Ih no adommilabion of oldiibi’icj iihargo at) any poinb 
o[ thn in Uk^ ('inniil; tlm m that th(» anrnuib- 
Htn'iigtli ./ liHH tla^ saiuo vahio at all poiiU-H of bho (tininib 
at a cli^liiiito limn / amt luMUto may bn oniiHidnrcMl lo Ih' 
a rminlion of blu' limn I aloiiis wbinb iM /(d'o iiiilially and 
llu'n rapiclly imTnasnH and Hum aj^aiii dcMin^aHim lo zc'i'o. 
I''nrlli(a'. \v(‘ hIuiII aHsiimn Ibal llu' magnnli(! linld ju’odiufnd 
by llu' nui’r<Mil ./ in noiiHlilnbul al nvnry momnnl of limn / 
an if tlin (mrrtMd. \vnr<i Hlalionary. 'riu)S(' HimjililicfalionM 
anlinijiain fm' Ibin H|)(5(!ial naH(» lliosn wbinli onniir for 
“ ([iinHi stalionary ” (^vnnU wliinh will bn diHc.iiHHnd in 
Minir proju'i' jibun^ in I’art 'I’linMi of llin jirnHoul voimm'. 
\V(» Hball IIk'I'o alMo dnal with lb('ir rani^n of a))|»li(!ation. 
wbi(5h in v<H'y wi<ln in pranli(!(». 

In llu^ of IhnHn j-tmiarlcH wn H(m^ lliab lor any 
ai’bllrary limn I lh(' iinld-HlrnnKlK If naiiHnd by llu^ diH- 
(jIuu’i^o oiirnml J and aotinH on Hkj ma^nollo nnndln in 
givim by (277). ll'nnon al IhiH parlumlar momnnl Urn 
iinodlo nx]»(M'inn(!nH a Im’Jilng-inomnnl (2!M). VVlblionl 
introduninj.; an at^proniabln terror wn nan aHHUim^ thn diH- 
nluu'gn nniTnnl lo pass ho (pdnkly Dial Ihn diHohar^n in 
fully nnn\|)lnlnd bnfoi'n Ibn ]uuidln ban l>nnn appi'nniably 
tliHlurbnd from Uh poMlUon t)! (Hpiilibrium. In olhor 
wm'dH Ihn mnnbani(Mil anlioii of t-lin nnrnml may bn 
ganlnd an a imnnnnlary anlion (balliHlin j^alvamtimdov) 
or an an ImpnlHn (1. § 111(1). Thn valium of Ihn vnnlor- 
jirodiuil (2!M) in fclinn Himply ntpial to Ihn ]»rodn<tt of Ihn 
momnnl At i>f tlio nnndln and Ihn Ilnld-HlnMi^lh if. 'I'lniH 
tlu' nfpiallon of motion of thn nnndln in, by I {<U)\)h) \ 

,r dtit tr */ 27r 

A ' ,, '1 M' ‘ ,j 
til <5 U 

whnro wn dnuoln Ihn momnnl of iiun-tia by K and llio 
angular vnlooily of Ihn lUindlo by w. 

Wn intngi'aln Huh nqualion with rnHpnnl to Ihn limn 
from I 0, llin momnnl al wliinli Ihn diHnhargn bogiriH, 
oVnr an intorval of limn t t wlnoli Ih ohoHon ho groal 
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iiliat Uu) (Mmi’go \h fully (loiuiiliaod wiMiin U;. luilr al Diu 
Hiuno timo ho Hinall Diali tlio ikhhHo hUII iicH in Mio piano of 
tho tuagnoUo nuu'iilian. Wo Lliiui ^oi. nIiioo oi (i for 
/, I) : 


lloro (Or in Mio auKular vt'looiLy wil.h whii-li Mit^ lua^uolio 
n(!(Hll(i l)Ofj(inM itn ol)H(U‘val)l(’ (woillafioiiH almuli ils ponKiim 
of (Mjiiililu'iuin, a[t(M' wliioli ili in only niuloi' Mio inlluoiuto 
of t)lu) lioi’iv'.outal oonipniioMl. of flu' oai’lirH luajpu'lio Hold 
{UauHH*H vibration o.\)ioninoul'., S 4ri). iSinoo Mio lawn 
{(ovorning thoHo oHoillalloiiH aro \v<4l known, it in puH«llilo 
to oaloulato ojr, Hay by inoaHuring Uio junplifinli' of vi 
l)ration, and alH{) M and A'. I'birllioi' : 


I Jilt r. 

h) 

whloh \h the total ((uaiitity of (4o('trk'ity tlnil. Iuih lltnvod 
tbroiigh tlio wiro in a dollnlto iliri'iitlnii ainl Ih iiidi'pomlontt 
of thoHpoolai form of tho tlinofunotioii J ; it iMoipnii to Mn^ 
olodtj'io dhargo of tlio dontloitHor, whioh nan alno bo 
moamn'tid in (JaiiHulaii unitH, way with TlnnnMon'H oloolro 
motor (§ 411). 

All tlio qiiantitloH aro now kncjwa wbicli miablo iih to 
oaldulato tlio only unknown in tlio ri'lation (U7H), tln‘ 
oritioai volooity o. HohuUm agroi' in giving for tbiH ; 

!'■ H . 1(1'" oin. Hoo. ' .... (:!7U) 


and from now on wo may ri'gard tluH ipiantity aw known 
for all lator oalonlationH. 

'il.’bo mothod abovo doHoribod, by whioh r was lirst 
doterminod, Ih a partinnlarly b(5antifnl oxampio not only 
of tho art of aenui’ato luoaHuroniont, but alHcj of thi^ 
viHionary ])owor of tlumry whioh aolnovt^H its groatoMl. 
HiiocdSHOH in ciomplicmtod (uihoh by b'lwhing im liow to 
flift out and dinoard unoHRontialH, ho that wo aro loft with 
tho osRontialH. 

In carrying out tho moaHuromont in jiraotico tho din- 
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oliargt' (nu’i’onti in 1 (m 1 round [>\w inagnotici noodlo noli ill 
om^ but in nuuiy tui’UH of \vin» (doilH, Holonoid), Miuoo, by 
(274), tliiH niakoH tho intcaiHity of liold cjorronpondinj^ly 
Htron^^or. 

01. 'I'lu^ kn<nvlodjj;(' of tlu' valiio of tlu^ (ivitioal volouity 
oHtaliliHlidH a hrid^o oiuio and for all hotwi'on tlio dilba’ont 
HyHlomH of inoaHuronuiiit. Owiii^? to tho ononnoiiHly 
ffHMVt mnma’i(!al valvui of r a ourn'iit intcaiHity that lias 
Ihm'Ii jiliyHioally inoaHurod in tho idootromagiiotio Hystom 


of unitH Ih roproHisntod by a muuh Hinalha’ mnnlxM’ 


than in tho (tauHHian (^kiotroatatio Hyatuin. 'I’iu) rovorno in 
tlio oano with t!io IkdddntoiiHity 1C or tho olootroinotivo 
l'or<!(^ JC. !''or in tho {sano of tlioHo (juantitk'H tho ridatioiiH 
(10) hold, from whioli it in hoou tliat tho llold-Htroiigtlm and 
potontlaln of a dolinito olootrio iudd in tlio olootvomagootio 
HyMtom aro oxproHHod by a nuinbor wliioli in a tlinori gi’oator 
than ill tlio (biUHHlaii Hyatoin. 

iSinoo tho oonduotivity or tlio roHintiiiuio ia, Ijy (201), 
Kivou by dividiiiK tlio olootroinotivo foroo by tho atronj^th 
of ourmut, tlii' oontraat botwoon tho two ayatoma, to whioh 
wo havo juat rofoiTi'd, booomi'a atill moro jironounood. 
'rinm for moroury at 0" (h tho apooillo oonduotivity in tho 
(ianaaian ayatom ia ; 


K ■■ l)‘fi(17 . HO0.‘“l . . . (2H()) 


wlioriMiH in tho ok’oti'omagiKdio ayatiau it ia : 


V- Pima. 10 '’om.-^HOo. . . . (281) 

d" 

Tn tho pravlimt ayatom of iinita tlio inooiivoniont 
powiU'H of ton that uumir in tlu» aliaoluto ayatoma aro 
avoidod aa far aa [loaaiblo. lionoo it haa l»oon agrood to 
tako aa tho atarting point of tho iiraotioal ayatom tlio 
oonvontion that a roaiataiuio whioli haa tlio valuo 
U)“ om. Hoo. ^ in oluoti'omagnotio moaauro ia to bo oallod 
1 ohm, and that an olootroinotivo foroo or potontial 
dilToronoo that haa tho valuo 10« grm.* om.’ soo.‘^» in tho 
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oleotromagnotio system is to bo called 1 volt. Tho 
praotioal unit of ourrent, tho amporo, then roanlts from tlio 
equation (251), whioh roin’osenta Ohm’s law; it ainonntH 
to tV of tho unit of ourrent in tho abaoluto olocti’onuignotii! 
system. 

If wo wore to lot matters rest at ilioso dolinitions tho 
values of tho practical units would (le])end on tho acenraoy 
with whioh wo could roalizo tho absolute units, and this 
would load to very unsatisfactory practical rosulbs. it 
has thorofoi’o been fuithoi’ agreed to ado]it tho courso 
followed carlior in tlio case of tho unit of length (I, § H) 
by introducing in addition to tho above thoorotioal 
doiinitions certain legal or international dofiiiitlons wdiioli 
agi‘oe vGi’y closely with them and havo tho advantage 
that they oan bo roproduood much inoro acouiutoly. 
T'lius tho international ohm is tho rosistanco of a ooliiinn 
of mercury of oross-sootion ono squaro millimot],'o and 
106' 3 oms. long. By (249) this rosistanoo whon oxprosRod 
ill tho oleotromagnotio systom is : 


106^3 
i< 5 ” K ' lO"® 


0® 

• 10030 

K 


whioh, by (281), is oqual to 10°. 

Eurthor, tho international amp6ro is that ourront which 
deposits 0-001118 grm. of silver in ono sooond (of. § (Ifi). 
If one ainp^ro flows through a circular arc of 1 cm. radiiiH 
it produces, by (277) a magnetic intonsity of fiold equal to 

277 

jq, that is, 0-028 gauss. 

The value of the international volt then comes out ot 
equation (261), wliioh is Ohm’s law. Tho elootromotivo 
forces of the most ooramonly used galvanic cells Ho between 
1 and 2 volts. In particular, the olootromotivo forces of 
the standard Weston, coll (cadmium) is 1-01830 inter- 
national volts at 20® C. 

Tho practical units so far mentioned also fix tho vatuos 
of the praotioal units of quantity of oloctrioity and 
elootrio capacity; thus the coulomb is tho quantity of 
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oleotrioity that is sn])pliod by 1 amporo in 1 socond, and 
tho farad is tho capacity wliicli 1 coulomb raises to a 
potential of 1 volt. 

Tho millionth pai-t of those quantities bears the prefix 
micro-, and quantities which aro a million times as great 
bear tho prefix mega, thus we speak of micro-farads, 
micro-volts and so forth. 

Tho capacity of an olootrio condonsor with air as tho 
dielootrio whoso surface is 100 square oms. and distance 
betwoon tho xhatos is 1 cm. amounts by (70) to : 

.i- . io« . IQO 8-84 . 10' “ micro-farad. 
d:7r 


§ 02. Y^o now turn from tho magnetic actions of linear 
ou].’ronts to tho general oaao of space currents. This 
brings us back to tho problem formulated in § 65, which 
wo shall now ondoavour to solve directly by oaloulating 
the magnetic intensity JI at any point of space, inside or 
outside tho ourronts, from tho given ourrent-densitios J. 
In doing so wo shall follow tho same method as in II, 
§ 74, except that hero wo shall use vootor methods. 

Wo first sot up as tho general integral of tho differential 
equation (61), which is valid evoi’ywhero, tho following 

relation : , 

if « curl A (282) 

whore tho vector A can bo a xniroly arbitrary function of 
Xiosition. Since It is ovorywhoro continuous, wo shall 
also assume A and its first difforential ooofiioionts to bo 
oontinuous. Resides this, however, wo may also impose 
a further restriction on tho vootor A without influencing 
tho value of if in any way. l*’or if in place of A wo write 
A -!- grad t/;, tlion if clearly retains its value unchanged, 
however, may bo oonstitutod. Wo use this oiroumstanoo 
to give tho vootor A tho further pi’oporty : 


div .<'1 = 0 


(283) 


This can always bo roahKed by appropriately disposing of 
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the scalar function and in partionlar of tho vnluo of 
A^. From (282) it thon follows that : 

J/ = -curl/I (284) 

and by substitution in (241) we obtain tho following 
equation to dotermino A : 

curl curl , . . , (286) 


Now by performing the calculation for a partionlar 
component it is easy to verify tho identity : 

curl curl A m grad div A - La . . (280) 

and hence by taldng into account (283) : 

curl ourl^l =< - AA . . . . (287) 

and from (286) : 

.... (288) 

This is Poisson’s oquatioiij not for a soalar, howovor, 
but for a vector. Honoo tho integral of this diftorontial 
equation becomes : 

( 280 ) 

which is called “ vector potential.” to distinguish it from 
scalar potential. Here r denotes the positive distance of 
the volume-element cIt\ whioh is fillod with the oiirront- 
density j', from the reference-point. Liko all vootor 
equations, the equation (289) represents tlii’oo oquations, 
one for each of the three components of A and J'. 

Substituting this equation in (284) wo got for the 
required magnetic intensity : 


that is : 


« = l/[gracli 


wtoo tho yootor r is in the direotion loading from tile 
volume-element d/r' to the reference-point. Cf. II (304), 



V. 


S'rATIONARY ELT3CTROI\IAGNETIC EIELD 181 


luHtoacl of tho ourront'clonsity J wo can also iiitrocluoo 
tho ouri.'ont-strengbli J of an infinitely thin ourront-flla- 
inont of cross-section q. Lot ns tako dr as representing 
an infinitely short piece of such a current element of 
length ds. Then, sinoo dr ~ q . ds and J = | J | we 
have ; 

\j\dT^Jds, .... (291a) 

that is, tho vector : 

jdr--=^Jdv (292) 

and wo got : 



According to this tho magnetic ficld-strongth II at tho 
1 ,'oforonco-point shows itself to ho tho resultant of an 
inliuito numbor of small intonsitios of Hold, oacli of which 
is duo to a dofinito ourront-olomont J . dv and may he 
rogai.’ded as tho liold-strongbh produced at tho reference- 
point hy this ourront-olomont. Its magnitudo and 
dirootion aro dotorminod by tho vootor : 


j’ 1 . 
0 



(204) 


llonoo Its magnitudo Is • sin {dr, i*) and its 

dirootion is porpondioular to tho piano through ds and r 
and is such that to a swimmer who is swimming in tho 
olomont ds with tho current and is looking at tho reference- 
point tho magnetic force will act towards tho loft (Biot 
and Savart’s Law, Ainpko’s Swimming Hide, Eloming’s 
Tjoft-l-Iand !!jaw). 

It is clear that tho above results contain those obtained 
earlier for linear ourronts as special cases. For example, 
we directly obtain from (293) the well-known expression 
(277) for tlio magnetic intensity of Hold which a circular 
current of radius li produces at its centre. , 

Tho relation (291) aiao gives us, of course, tho magnotio 
fiold'Strongtli II in tho interior of a oondnetor traversed 
by a current. In this ease J diHers from zero at tho 
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roference-poiiit, but there is no direct rolationslii].) botwoon 
the quantities II and J. In partioular, it must not Jjo 
imagined tliat H must bo porpondioulai; to J. It may 
equally well liappon that the magnotio fiold-strongbh is in 
the same direction as the oleotrio ourreiit. 

§ 63. Since the magnotio state at any i)oint is dotor- 
mined by the magnetic fiold-strongtli at that j)oinb, a 
magnetic held produced by a current is of ;|)recisoly tlio 
same nature as a field produced by a magnet, and can in 
no way be distinguished from it physically, ifrom this 
it follows that we may imagine any statioal magnotio 
field which exists in nature to be produced either by 
magnets at rest or by stationary ourj'onts. Jfor if 
stationary currents iiappon really to bo in question ^vo 
can imagine the whole flow of olcotriclty to bo eoinpoHod 
only of infinitely thin, that is, linear, oiUTont-filamontH, 
and wo can then apply to each of thorn tlio law found in 
§ 58, but' we must take oare that the surfaoo of tlio 
magnetic double-layer is not allowed to pass through tlio 
reforonoQ-point, and soeoiidly that the magnotio notion of 
an infinitely thin ourrent-filamont at a roforonoo-iioliit in 
Its intenor can bo neglootod entirely when tho ourront- 
density is finite. 


But if permanent magnets ai,‘o actually present, they 
form an mflmte system of infinitesimal olomontary mag- 
nets. Eor by applying the fundamontal law of 8 58 in 
the reverse direction every elemontaiy magnet of mag- 
netic moment i»i oan be replaced by a aurfaoo-olomont cr 
of arbitrary shape traversed by a linear ourront J, its 
noiraal coinciding with tho axis of tho magnet, while • 


(206) 

All these infinitesimal currents taken together oalled 

tfie magnets. Erom tho point of view of tho general 
theory there can bo no doubt as to which of those oifposiug 
tho .nagnotio and tho olootrio, io to bo ^Hh! 
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proforonco. Ifor sinco, on the one hand, the desire to 
nnify our Icnowlodgo of physical nature impels us to 
I'oplaco the dualism between magnetism and elootrioity 
by a unitaiy view, on the other hand a reduction of 
olootrioity to terms of magnetism cannot come into ques- 
tion on account of tho impossibility of interpreting the 
concept of quantity of electricity (real, not free), so there 
is nothing loft but to regard eJectrioity as the i)riraary 
oonoopt and magnetism as the derived concept. The 
hypothesis of Ampere’s molecular currents has, in fact, 
led to consequences Avhich have essentially been well 
confirmed tliroughout. 

Wo shall, now calculate tho vootor-potentiai A produced 
at any point in space at a distance r from a given elementary 
magnet of ]iormanont moment M. Wo may make use o.f 
tho following equation, which follows from (289) and 
(292) : 

( 200 ) 

where tho integration is to be taken over all tho olomoiits 
dr of the boundary-curve of the Infinitely small surface a. 
We can ohooso as tho form of a either a oirole oi;, more 
oonvoniontly, a roobaiiglo, siiioo the whole integration then 
rodiiOGS to a summation over the four sides of tho root- 
angle. Since dr is a vector, wo have to calculate throe 
•integrals which result from tho above when wo replace dr 
in it by its three components. Taking (295) into aooonnt, 
wo then arrive at' tho required expression for A. 

Instead of oarrying out these elementary processes of 
calculation, we can also oonvoniontly obtain tlio expres- 
sion for A in tho following way. The potential of the 
given olomontary magnet is : 

,/,= -^^'.gradi .... (207) 

' fj, ° r 

(Of. tho ])otontial outside a sphere magnetized in tho 
dirootion of tho 2 ;-axis for /xq — /x. Tho ease /x =}= will bo 
disousaod in tho next section.) Wo then have, by (282), 



« U AI', 


15«1 


IOMC(n'lU(‘ITV 


AND MACiNKTlSM 


(ilio following nVIaliutiH Iml.wccn (li«' lirlil Nticn^Di //, iJi,. 
iudiujtuui B and tiu' vrutur ptiliMilliU : 

(iml.l It fill gnid(.l/.giiid . DiliN) 

iSimid jU diioH nol, dnpnnd mi Mm ptmiMmi nf ilm 
i'('fm’omui-pc>iii(., wo iiavi* itlouMoally : 

gnid . (j;i'ad^ j 4/ . ) onri | gnirl j . 

and by (2i)H), aimm (I : 

oiirlj oiir! I 

In viinv of Mio divi^r^^onon omidiMmi (Uh: 1) Mda loada 
uniipuily to Mio oxpi-oHHum of Mm voolor polontiul of an 
nluinontary maillot of momma .1/ ; 


A.--- gnul*. .1/ .... (Mild) 

and in Mm Hiiinn way Mm inaKimUn lii-ld of nnv arlnli-ai-v 
Ilnito inagnoi) oaii bn rndimnd to Mm vonlor im(.mitlal of 
Am|i6rn mnlooiilar ain'rontH. 

AlMiongli fi’oiu Mm point of vinw of Ijm gmmi'al iJmorv 
wo Hliouldnow, in Mm light of onr aliovo rmnnrlia, rodimn 
all magimtio uoMoiih to tlm vootor^potontial, yia- in rnnnv 
oaaoa, parMoularly in Mmao involving MtatiiaU ili'lda, pram 
tiaalroaaoiiH load na to profiu* tlm analar pidonMal whioh 
iH oaay to inanipiilato matlminaiioally. Imt miml I»-ar 
m mind tliat tlm magimtio analar polmitia] la to Im 

rogai'dod only aa a aonvoniont anxillary inaMminaMoal 
quantity. 

§ 0‘1. In tho olootromagimtid dndimtioim wo liavn madii 
so Jar, from § fin onwarda, wn liavo for aimplinitv alwava 
aaBumod that Mm pommability /x lum tlm aanm’valim ‘in 
all mibstiuiaoa, ,[[ wo now tiroii tliia nwtriotioii, Um 
noimal oompononli ol tlm (lold-at.'ongUi n and th,d nt 
tho taiigonlaal oomponont ot tho iiiduotion J) im no longoi; 
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oontinuoiia. I’hon to hoIvg tlio probloin of finding the 
luagnotio iiolcl for a given stationary current J wo can 
131’ooood in one of two ways. Wo can obtain the result 
by using the veotor-|)otontial alone, so long as wo take 
into account bosidos »/ tho Anip6ro molooular currents 
ooiTOSxxniding to tho tomporary magnetization. Or wo 
can more oonvoniontly rosolvo tlio magnetic iiold-strengtli 
into two parts, ono of which is duo to tho current J alone 
and which is detorminod by tho vootor-potontial A of 
this ourront, according to (280), and tho other has a 
scalar ijotontial (f ) : 



curl A -- grad (/> . 


(301) 


If A<1) is taken cciual to zero, then this assumption 
satisfies botli {'Ml) and (61), while tho disoontinuitios in 
Jly at tlio boundary KiU’facoH, which aro duo to tho variable 
nature of /i, sorvo to dolino f/i more olosoly. 



CHAPTER VI 


IMOLEGULAR AND PONDEROMO'ITVE AGTTONS 
IN THE STATIONARY EIELD 

§ 65. By (20) in ovory volumo-olomont tlr travorsorl 
by ©leotricity olootrioal energy of amount : 




lit . iItkE'^ — iUcItJE = dldr- - 




is transformed into mechanical (Jonlo) heat during tUt> 
interval of time dt. This gives for the amount of hoat 
developed by a current <7 in a liomogonoous linear oon- 
duotor of oros8-sootion q and having tho olomont and of 
length dl between the oross-sootions 1 and 2, sinoo J « 
J . q and ih = q .dl\ 

or, by (240) : 

(a03) 

If the current passes througli several oonduotorts in 
suooessioii, then by addition we got for tho total hoab 
generated 

(;.J04) 

Tliis expression also holds when tho ourront-stronu th J 
varies in an arbitrary manner with tiro time. 

by (250^) current wo oan also write for (304), 

■ J . ~ SE) . , . (306) 

where and denote tho values of the olootrio potoiitial 
at the initial and the final cross-section of tho systom of 
oonduotors m question. ux 

for^t T “ space, then wo get 

for the heat generated between an equi-potential surfLe 

16 Q 
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(fi — (fii in tlio conductor 1 and an ecLui-potontial surface 
(f) = f/>,i in the conductor n, by summing up (306) over all 
the infinitely thin curront-filamonts that lie adjacent to 
oaoh othei’, the same ox])i.’ession (306) oxco]3t that now J 
denotes the lotal current strength. Using (263) we may 
also write for this : 

(U ..P.W (306) 

'By (306) the heat generated in the whole of the closed 
current system is, for f/> , ^ r/j,, : 

(U.J.SE (307) 

whore 2E now denotes the total elooti’omotivc force in 
the closed surface. 

In technical olootrioity the ])roduct J . HE is called the 
“ activity ” or ” power ” of the electromotive force £E. 
Tho unit of power is called the volt-amp6re oi,‘ the watt. 
A kilowatt 1000 watts, is oc[uival6nt to about 1*30 
lioi’BO-powor. Tho amount of onorgy delivered by 1. watt 
in 1 second is called tho watt-second, and is 6q,ual to 10^ 
ergs ! tho watt-sooond is also oallod a joule. 

§ OG, Tho next question is ; wlrat is the soui’oo of 
energy that delivers this heat, whioh is always generated 
in a positive sonao, in a stationary ourront at rest 1 It is 
obvious that only inolemlar, that is, thermal or chemical 
jn’ooesscs, come into question hero. Moreover, if the 
oonduotoi's are all homogeneous and are kept at a uniform 
tomporaturo, those processes occur exclusively at tho 
boundary surfaces of the conduotors. Since the olectro- 
inagnotic field is invariable in time, and hence also has 
an invariable amount of onorgy, tho electric current only 
plays the part of an intermediate carrier, and tho total 
molecular onorgy used is equal to tho total amount (307) 
of tho Joule heat. Consoquontly the molecular onorgy 
generated at tho boundary surfaces, namely : 

~(U,J .EE (308) 

is ]Droportional to tho ouri’ont-strongth and the total 
olootromotivo force whioh acts at the boundary surfaces. 
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But this result holds only for tlio current circuit as a 
whole. It would be premature and, in general, inoorroot 
to deduce further from this that the molecular onoi’gy 
generated by the current J at an individual boiiudary 
smlace by the electromotive force E is given by the 
product J, E, Eor since the flux through a single boun- 
daiy surface does not form a closed system (I, § 120), the 
energy-principle does not allow us to make assortions 
about this molecular energy unless the external actions 
are taken into consideration; in the present case those 
actions are conditioned by the electricity that flows into 
and out of the boundary surface. 

In inetalhc conductors the molecular energy (308) that 
arises at the boundary surfaces is restricted to the gonora- 
tion of heat (Peltier heat) ; in electrolytic conductors 
this is supplemented by the chemical energy connootod 
\vitli the decomposition of electrolytes. Here the general 
emph'ioal law of Earaday holds, which states that 
the quantity of an electrolyte decomposed owing to tho 
passage of a’oui’rent depends solely on the total quantity 
of electricity that has flowed though it in a clofinibo 
direction, irrospoctivo of the time, tho ourront-strengtli, 
the ouri'ent-density, the electromotive force and so forth ; 
thus it depends only on : 

(300) 

and in tho case of different electrolytes the quantities of 
any arbitrary substances, deposited for a definite value of 
(309) are in the ratio of them equivalent weights, that is, 
m the ratio of the weights in which the substances com- 
bme chenuoally with one another. If a denotes tho 
eqmvalent weight of a substance referred to oxygon = 

10 grammes, then a current J in Gaussian units or ~ in 

electromagnetic units, that is ^ amperes, deposits : "" 

1'0363 . 10"^ .a- grammes . . (310) 
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of the sxibstanco in dt seconds. Tlio coefficient 1*0303 . 10"® 

. a is also called tho oloctroolioniical equivalent of tlie 
substance. 

Convoi'soly, to docoinposo an equivalent weight a 
graninios of a substanco wo must ]3ass through it the 

quantity of electricity yq--ti = 2*895 . 10^"^ units in 

Gaussian measure or 9050 electromagnetic units or 96,600 
coulombs. 

Eor silver, a — 107*88 and hence its electrochemical 
equivalent is : 

1*0363 . lO'-o . 107*88 ^ 0*001118 grm. 

(of. § 01). 

§ 07. To visualise tho energy processes in a stationary 
galvanic circuit use has often been made of the analogy 
of a liquid which is slowly forced in a stationary current 
thi'ougli a rigid pipo**systom which exerts friction on the 
liquid. Tho heat arising from tho friction would then 
correspond to the Joiilo hoat, tho pressure gradient to the 
potential gradient ; and tho amount of molecular energy 
usod up at tho boundary of two conductors would be 
roprcsontecl by tho action of a B]pooial mechanism which 
pumps tho liquid at tho junction of two pipes to a higher 
pressure. 

[llhis analogy, however, is fundamentally at fault in 
one resiioct, in that it gives a totally insufficient idea of 
tho direction in which the energy is transported. Eor in 
tho case of liquid flow the energy, being the mechanical 
work performed by tho pressure acting on the liquid, 
flows in tho direction of tho linos of flow, whereas in the 
ease of tho galvanic current we know from Poynting’s 
T’heorom (9) that tho dirootion of the flow of energy is 
porpondioular to tho direction of tho field and hence also 
to tho direction of the current. Aocordingly, every 
cylindrical ourront-fllainont in tho interior of a conductor 
Tcooivos its Joule heat not through the two end surfaces, 
but through tho surface of tho oylinder itself, and the 
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same holds for the whole oonduotor. In this way wo 
arrive at the oonoliision — whioh seoins very strange at 
first sight — that the Joule heat of a oonduotor is fur- 
nished, not by the surrounding conduotoi’s, but by the 
surrounding insulator, through whoso boundary aurfaco 
the energy enters the oonduotor from all dirootiona 
transversely to the linos of flow. Sinoo tho state is 
stationary, the insulator must now of coui’so have tho 
energy which it gives up rej)laced; rofleobion shows 
that this ocours at tiro jroints who3*o tho insulator* 
touches the surfaces of separation of any two conduotoi'iS. 
For by § 27 the electric intonsity of field hero has very 
great singular values in the insulator. J'his is of oourso 
not to be understood as meaning that at ovory single 
point of contact of this kind tho energy flows out into tho 
insulator, since the sign of the eleotric intensity of hold 
in the insulator changes with that of the oontaot potential 
B, while, on the other hand, the direction of tho magiiotio 
intensity of field is given by tho direction of tho ourront 
and is not influenced by the sign of B. But tho algGh],’aio 
sum of the streams of onorgy from all tho points of oontaot 
signifies the transference of energy to tho insulator and 
its amount is represented by (307), as can bo shown by n 
detailed calculation, which we shall, however, omit horo. 

However strange and unnecessary this method of 
balancing the energy may at first sight appear, it novor- 
theless corresponds much more closely with tho aotual 
oiroumstanoes than that given in the analogy of a flow of 
lifluid as described above. For so soon as we pass from 
stationary to variable galvanic current-strengths i^hono- 
mena manifest themselves whioh prove directly that tlio 
^ulator m no wise plays the passive part in ourroiit 
flow that is attributed to it in the meohanioal picture of 
the rigid system of pipes completely sealed from their 
surroundings. The mere fact that in the ease of stationai’y 
now within an insulator there is an olootro-magnotio field 
and hence also magnetic energy present shows that theso 
factors cannot entirely fail to participate in the process 
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of How. Wo know HjS ftii i^otual fact that when a galvanic 
oui'ienti is generated the energy t(3 bo transferred to tlio 
insulator, wliioh was originally neutral olectromagnotically 
wlion no current was flowing in tlio oonduotors, has to bo 
auppliod by tlio system of conductors, if tlio How is to bo 
fltationary ; that is, this energy has to bo supplied by tho 
inolooular energy at the surfaces of contact, and when 
tho ourront is interrupted this amount of energy either 
I'oturna to the system of conductors or, if tho interruption 
is very abrupt, dissipates itself outwards into iniinito apace. 
Wo shall learn more about this below, from § 76 onwards. 

§ 68. We shall now pass on from molecular phonoinona 
in a stationary field to tho consideration of ponderomotive 
actions or tho moolianioal forces which must bo ajijiliod 
to any stationary system of freely movable magnets and 
conductors traversed by currents to keep tliom por- 
mauontly at rest. 

Wo can group those actions iiiidor throe headings i 
firstly tlio mutual aotious botwoon tho magnots (magnotio 
notions), soooiidly tho intoraotioiis botwoon tho magnots 
on tho ono hand and tho oonduotoi's carrying tho ouri’onts 
on tho other (elootro-magnotio aotions), and thirdly tho 
intoraotiona botwoon tho oonduotors among thomsolvos 
(olootrodynamio aotions). 

Conoorning tho magnetic pondoromotivo aotions wo havo 
loarnod tho law governing thorn ooinplotoly in § 45, and, 
indeed, in two different forms, oaoli of which has its 
pooviliar advantages, namoly tho integral or potential law 
and the differential or force law. According to tho 
potential law the work porformod during an infinitely 
small displacomont of tho magnets by tho moolianioal 
forces acting between thorn is oq^ual to tho simultaneous 
dooroaso of tho magnotio jiotontial, and tho magnotio 
potential is identical with tho magnotio energy U . 
According to the force law tho ],’osulbant of tho moohanical 
forces acting on any part of a magnet is obtained by 
compounding tho magnotio prossuros (239) acting on tho 
aurfaoo of tho part in c^ucstion. Since tho meaning of 

M 
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the tensor of magnetic pressure is indeponclont of whotlior 
tlie field is due to magnets or currents or wliothor tho 
space enclosed by tho surface encloses n magnet or a 
conductor conveying a current, this form of tho diHorontial 
law is suitable for direct application also to olootro- 
magnetio and electrodynamic effects, but it is often very 
difficult to form a picture with its aid. Ij'or this reason 
wo shall always start out in tho following sections from 
the integral law. 

§ 69. We have next to deal with eleciroinagnetic actions. 
Let us imagine any permanent magnet and any linear 
conductor carrying a current, both freely movable, acting 
on each other, then, on account of tlie inagnotio field 
produced by the current according to § 58, tho ourront 
exerts a mechanical action on the magnet, and convorsoly, 
by the principle of action and reaction (Newton’s third 
law) the magnet will exert exactly tho opposite action on 
the conductor carrying the current. Tho moohanioal 
work performed during any displacement of tho inagnot 
and the current will, by § 46, be e(iual to the simultanooua 
decrease of the potential of the magnet witli respoot to 
the current or of the oleotromagnetio potential 1^, If wo 
use this term to denote tho potential of the field JI pi‘ 0 - 
duood by the magnet with respect to the magnotip doiij)] 0 “ 
layer which is equivalent to the current J. 

Now in § 45 we have already calculated the potential 
of a given magnetic field Jl with respect to a magiiotio 
dipole of permanent magnetic moment m situated in it. 
this potential is the variable part of tho oxpimsion (280) : 

- + Mylly + MJI^) . . . (311) 

^But the magnetio double-layer of permanent momeirt 

- which, by § 68, is equivalent to the current /, oonsists 

of an infinite number of dipoles each of which lies 6n a 
surface-element of the layer ch and has tho moment : 
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and has tho normal u to tho surface as its axis in the 
soiiso givoii by the direction of the current. Hence by 
substituting (312) in {3,U,) and summing over all the 
olomonts dc of tiro doiiblo-layor we obtain for tho required 
olootroiTiagnotic xiotontial : 

y I I . . (313) 

Tho potential of a magnetic field with respect to a 

linear current is thus equal to tho negative product of - 

c 

and tho flux of induction of tho hold through a surface 
bounded by tho current or, as wo may also say, the 
number of lines of induction which the conductor carrying 
tlio current encircles. We have already seen in equation 
(53) that this surface integral is independent of tho special 
form of tho surface. 

Sinoo tho tondonoy of tho meohanioal interactions 
botwoon the magnet and the current is also such as to 
dooroasQ tho value of V wo can express this briefly by 
ftaylng that the meohanioal forces tend to increase tho 
flux of magnetic induction through the surface bounded 
by the current. Tliis holds for any displacement of tho 
current and tho inagnot wliatsoovor. If tho magnet is 
kopt fixed tlion tho ourront seeks oithor by rotation or 
translation, to got into the position in wliich it encircles 
in tho positive sense as many as possible of the lines of 
induction that proceed from tho magnet. If the wire 
carrying the ourront is kopt flxed the magnet seeks to 
movo in such a way that it sends as many lines of induc- 
tion as possible through tlio surface bounded by tho 
ourront In tho positive sense. For example, this occurs 
in tho caso of a circular ourront when the centre of tho 
magnet is at tho centre of the oirclo and the axis of tho 
magnet ooincidos with the positive normal of the ourrent. 

^rho fact that tho eleotromagnetio potential 7 is inde- 
jicndent of the special form of tho surface a of the current- 
oircuit may also bo oxx)rossod in a formula by introducing 
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the vector-potential A of tho magnet by (282) or (298) in 
place of the induction 1?. By ap 2 )lying Stokes’s Theorem 
(273) we then get : 

j B/1 (t = (j) A . ch' . . . . {313a) 

and from (313) ; 



whore the integration is now only to bo taken over tho 
curve-elements dv of the conductor. Hence it follows, in 
view of (292), that for a siDaco-curront : 

V=~^lj.A.dT. . . . (315) 

§ 70. Having apj)lied tho integral law wo now come to 
the differential law of the meohanioal olootronmgnotio 
effects. Concerning the meohanioal force oxorted on a 
magnet polo by a ourrent-element, wo obtain this from 
Biot and Savart’s law (204) sinoe tho magnotio hold- 
strength produced by the oiirront simultaneously also 
represents the meohanioal force which acts on a joositivo 
magnet pole situated in the field. 

Again, to find tho mechanical force F that is oxorted 
by a given magnotio field // or B on an olomont dv of a 
linear conductor in it conveying a current wo start out 
from tho total mechanical work : 

(310) 

performed by all the individual ourrent-oloments during 
any infinitely small virtual displaoomont of tho oonduotor. 
This work is equal to the decrease of tho olcotromagnotio 
potential and hence is, by (313) : 

Here the variation of tho integral may be oalculatod 
trom a simple geometrical oonsideration. Eor sinoo tho 
magnetic field B is invariable the variation of tho flux of 
mduotion through the whole surface a reduces to tho 
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flux of induction througli tho infinitely narrower ring- 
shaxood surface which is formed by tho displaced curve 
and tho undisplaced curve and which forms with tho 
original surface a tho varied surface a. Tho parallelogram 
formed by tlio olomonts 8i' and dr is an element of this 
surface, or, written vootorially : 

[Sr, dr] 

and tho flux of induction through it is ; 

Ji . [Sr, dr]. 

So, integrating over all tho elements of the ring surface 
wo got by (S17) : 

[Sr, dr] = ^ I Sr . [dr, B] . (317ffl) 

and, oq.uating this to (310), since tho individual Sr’s are 
indopondont of one another 5 

lf=>^[dr,'ji] (S18) 

(j 


Thus the force is proportional to tho siuo of tho angle 
foi'jnod Iry tho ourront-olomont and tho lino of magnetic 
induction that passes through it, and this 
foroo acts porpondioulaiiy to both. Its /• 
dirootion is indioatod in !irig. 0 and can be 
ostablislied by the rule that for a ma.n 
swimming in tho dirootion of tho magnetic 
lino of induction JR and looldng in tho 


dirootion of tho oloctrio current J tho 
foroo F acts towards tho I'ight. Accordingly the curront- 
olemont is driven by tho foroo to cut tho linos of induction 
transversely, and this formulation again shows the rela- 
tionship with tho integral law, acoording to which tho 
current seeks to onoirolo as many linos of induction as 


possible. . « f 

§ 71, Conoorning tho mutual pondoromotivo actions oi 

oiuTonts on ono another, that is, eleclfodynamic actions, 
it is obvious that tho action of a magnotio field on a 
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cuiTeiit-eleinent is indepoiiclent of whotlio].’ tho maguotio 
field is due to a magnet or to a second ourroiit. lionoo 
the law of force (318) again applies hero. 

To set up the electrodynamic law of potential we form 
the electrodynamic potential W from tho olootromagnofcio 
potential V by substituting in (316) tho expression of the 
vector-potential (289) of a system of oitiTonts in space : 

If = -ItlLf , . . . {31U) 

2c^jj r 


It is necessary to insert the factor ^ because in the double 
integral the combination of each pair of volumo-olonients 
(It and dr' occurs twice. 

This general expression for the elootrodyjiamio potential 
of a system of conductors in space at tho same tiiiio 
contains tho effect of a ourront on its own conductor. 
For the integration is also to bo performed ovor each two 
voluino-elements £^7 and dr" of the same current-filamont. 
Ihe amount for two infinitely near ourrent-olemonts is 
not then sufficiently appreciable to come into considera- 
tion, on account of tho smallness of dr and dr', in spito of 
tho vanishing of v. 

If we express the scalar product J , J' in terms of tho 
absolute values of the vectors, wo may also write : 



J I . I J' I . cos 8 
r 


•dT.dr' 


(320) 


v'here 8 denotes the angle between tlio vectors J and j' . 
Let us apply the olectrodynamio law of potential to 
10 mutual ponderomotive action botwcon two linoar 
ourronts J and J'. As wo wish to neglect tho actions of 
the currents on themselves we need rofdr dr only to tho 
one ooiiductor and dr' only to the otlior. Taking into 

(320), noglooting tho 

~^‘^^'ll—~dscls' . . . (321) 

According to the remark made in conneotion with (313) 
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this quantity is equal to times the flux of magnetic 

induction which the current J', on account of its magnetic 
action, sends in the positive dirootioii through a surface 
bounded by the current, and conversely. In this sense 
W is projiortional to tho number of linos of induction 
wliich both conductors onoirolo in cominon. The pon- 
doromotivo forces botwoon tho conductors carrying tho 
our].’onts always act in a direction such that tho number 
of lines of induction booomos as largo as possible ; this 
may bo achieved by translation or rotation. Hence cur- 
rents that are ]mrall 0 l and in the same direction attract 
each other whereas parallel and opposite currents repel 
each other or seek to turn themselves so that they run in 
tho same direction. 

§ 72. One theorem is sufficient to oharaotorize com- 
lilotoly all that has so far boon said about the pondero- 
inotivo actions that occur in a system of freely inoviug 
magnets and conductors carrying currents. This theorem 
states that for any virtual infinitely small^ displacement 
of tho magnots and conductors tho mechanical work per- 
formed by tho ]iondoromotivo forces during this process 
is equal to tho decrease of the total potential : 

U -[-V -\-W . . . ■ ( 823 ) 


wlroi'o - 817 represents tho virtual work of tho 
forces, - 87 tliafc of tho electromagnetic forces and - STf 
that of tho elootrodynainio forces. 

'l.'he oxpi’ossionS foi: tho potentials 7 and T7 are obtained 
from tho relations given above. If, in particular, wo are 
dealing with linear conductors, in which tho currents Jj. 
. . . are flowing, wo have by (313) : 


7= -i(J’i7i -!- + 

0 


(323) 


wlioro 7., 72 , . . . denote tho flux of induction of the 
field produced by the magnets through a surface bounde 
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by the ourrent 1, 2, . . . Further we have by (320), 
analogously to (321) : 

W= 

Avhere ; 

^12 = {i, j j~°~^dsid8^ . . (325) 

The coefficients L depend only on the geometrioal oon- 
figuration of the system of conductors, and by (321) 

is equal to the flux of niagnotio induction which 

the current sends in the positive dhection through a 
surface bounded by the ourrent Jj. The quadratic terma 
in the sum. (324) give the eleotrodynamio self-potontiala 
of the individual currents, the bilinear terras give tho 
potentials of each pair of different currents on one anothor. 
The change in a ooeffioient L caused by a displacomont of 
the conductor carrying the ourrent gives tlio work done 

by the ponderomotive forces between tho oorroapondinir 
currents. ® 


§ 73. The displacement of magnets and conductors 
which was assumed in calculating tho worlc done by tho 
ponderomotive forces is quite arbitrary. In particular It 
can also be connected with a deformation of the sub- 
stances, that IS \vith a bending or distortion of tho oon- 
c uc ors. According as the corresponding work comes out 
positive or negative the ponderomotive forces act in tiro 
same or m the opposite sense as the deformation in 
“ important point to boar in 
nmi fi ” i ™ can Bee from tho manner in whioli wo 
Xrlt r r ' mtoraetion botwoon a 

f ™ intensity of 

flCent f olomont of oyery ourrmt- 

i f If. then, the displaoo- 

Z omr^T^r " deformation of tho oonLtor 

suwZr!f r °“™»ted with tho 

the ooncluotor or, aa we may also say, tho 
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linns of flow aro taken along by tho matter in the sense 
tliat a material curve wliioh forms a lino of flow before 
tho displaoomont also forms one after the displacement. 

It is only when this rule is strictly observed, that wo 
oaii avoid tho pit-falls whioli load so readily to erroneous 
applications; snoh apxdications have oven led some 
idiysioists to raise objections to tho general validity of tho 
potential law. 

An oxamplo may Serve to illustrate this. Suppose w'e 
havo an intense homogeneous magnotio field II or D 
directed vertically upwards, and suxoposo that in it wo 
havo a straight linear conductor 
OA of length R (Fig. 10) which 
can bo rotated about a fixed poii^t 
0 in a horizontal xfiane, and which 
is traversed by a stationary 
ouiTOiit J> Lot us suppose that 
tho ourront is ti.’ansmittod as 
follows : tho horizontal oiroular 
aro on which tho ond-point A of 
tho conductor can glide forms tho 
uX)por rim of tho conducting 
curved surface of a long hollow 
vortical cylinder which receives 
tho current at A and conducts it 
to a great distance below whore tho elootromotivo force is 
sux^posod to bo apx^lied, which again drives tho ourront 
through tho oonduoting axis of tho cylinder right up to 
tho turning-point 0. TMio question is whothor tho radius 
By which can bo rotated and which is travorsod by tho 
ourront, oxporionoos a tui'ning-momont from tho magnotio 
field and, if so, in which direction and of what amount ? 

Wo fli'st solve tho problem by moans of tho potential 
law and then by tho law of foi’oo. As wo aro hero oon- 
oornod with an oloot).’omagnotio action tho potential V is 
tho only ono of tho throo to oomo into account. Tho 
following fallacious lino of reasoning immodiatoly suggests 
itself. Tho general oxprossion for V is given by (316) and 
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the value of this expression is certainly indoj)ondont of 
the position of the radius in its plane. Eor if avg wore 
to introduce a co-ordinate system whoso rr-axia is tho radius 
R and whose 2 :-axis is tho vertical through 0 then on 
account of the conditions of symmetry with respoot to 
this system the position of all the linos of flow is quite 
definite, independently of Avhothor tlio radius R ends in 
A or in A'. Consequently — so we should bo tempted to 
conclude — for an infinitely small rotation of tho radius wo 
have 87 — 0 and no mechanical action at all takes place. 

This conclusion is false, because in the above calculation 
of 87 the condition has been transgressed that in this 
virtual rotation the ourrent-fllamonts must romain rigidly 
comieeted with the substance of tho conductor. Dor 
since the conducting cylinder is at rest, the linos of flow 
that are in it also remain completely imohangod during 
tho variation, and tlie course of flow must bo assumed to bo 
as follows in tho displaced position of tho radius R \ f ]:oin 
0 to A\ then linearly to A, and from A exactly ns boforo 
doAvmvards through the curved surface of tho oyllnder and 
upwards along the axis of the cylinder. In tho proaont 
case the virtual change of the flow is quite diSoront from 
the actual change that occurs when the radius is rotated. 

If by (316) we first form the expression for V for tho 
flow before the displacement and thon for tho flow after 
the displacement, and subtract the first value from tho 
second, then, since the vector-potential A which arises from 
the magnetic field is invariable, all tho terms of tho two 
integrals that refer to tho parts of tho oonduotors that 
are at rest cancel out, and all we have to do is to integrate 
tho expression : 

linearly from 0 over A' and A hack to 0. But on account 
of (313a) this line-integral is equal to the flux of induction 
of the magnetic field through tho narrow triangle OA'A 
in the sense of the normal which corresponds to tho 
du’eotion of integration, in the ease of Fig. 10 downwards ; 



vr. 


MOLECULAR ACTIONS 


171 


thiH in oi^posito to the dirootioii of tlio magnetic field and 
so is negative. If ^ is the infinitely small angle of rotation, 

JJ2 

tho surface of the triangle OA'A is and accordingly 

A 


wo liave : 


87 ='^!^ 


n. 


. . (326) 


Oil tlio other hand if we denote tho mociianioal turning 
uiomont by N the meohanioal virtual work is iV . ^ and con- 
sequently, since tho work i.s equal to tho decrease of 
potential : 




'i'lius tho turning moment acts in tho direction from A' to 
A. 

Wo arrive at tho samo rosult by applying tho law of 
foroo (818) to tho prosont oaso. Tho turning momont of 
tho given magnotio fiold on tho movable radius B is built 
up by summing up tho turning moments that act on tho 
individual olomonts (h of tho radius. Now by (318) tho 

foroo on an olomoiit dr is - • jB . dr, and so tho turning- 

moment is tho product of this expression with r, and tho 
resultant turning-momont is : 


7 ni 

N = - - B / rdr 
0 k 


G 2 


as above. 'Tlio sonso of tho rotation is towards tlio right 
for an oljsor vor who is swimming with tho linos of induction, 
that is, who is standing upright at 0 and is looldiig in tho 
direction of tho radius E travorsod by the current ; hence 
the negative sign of N. 

Tho samo danger of drawing fallacious oonolusions and 
tlio samo iioed for caution clearly ooours whenever we are 
dealing with oonduotors that can glide over one another. 

Rovoj’ting to tho oaso considorod in § 72 of a system of 
arbitrary movable magnets and liiioarourrents Ji, t/gj • • • 
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we now form the expression for the j)ondoromotivo A^'orlc 
A performed during any virtual infinitoly small displaco- 
ment of the system. If wo pay duo regard to tho in- 
variance of the ourroiit-strongths wo obtain for this work 
the expression : 

A = -SC/-SF-STY 

= -su + hj,sr, + J,sr,+ . . .) 

0 

!</ jiSAig-l- . . (328) 

Erom this all tho meohanioal actions within tho systoni 
can be dorivocl. 


PART THREE 

QUASI-S'PATIONARY AND DYNAMICAL PROCESSNS 




CHAPTER I 


QUASI-STATIONARY PllOCESSES WITH 
OI.OSED GIRCUia’S 

§ 74. In this last part of tlio present book where wo 
turn our attention to the general case of electrodynamics, 
namely, non-stationary processes, our first impression is 
one of surprise at the enormous com]Dloxity of the problems 
hero to bo solved. Thus the case of the motion of an 
invariable magnet In an evacuated space, although it 
seems very simple at first sight, really represents a 
very intricate process. Eor, since on account of the 
motion of the magnet the magnotio intensity of field JI 
produced by it at a definite point of the vacuum is variable 
with respect to time, by (316) an electric field E also exists 
at this point, which will likewise bo variable with respect 
to the time and so will induce variable olootrio ohai'gos in 
tho magnet, and so forth. 

One way of escape out of this maze of mutual actions — 
a way which gives a comprehensive survey of tho decisive 
iutoraotioiis among them — is obtained if we follow the 
course, already once previously adopted in tho case of 
olootrostatios in § 40, of first restricting ourselves to 
investigating processes that occur so slowly that at every 
moment tho whole oloctromagnotio field may be regarded as 
stationary; that is, wo consider only quasi-stationary 
processes. Tho groat advantage obtained by this simpli- 
fication i.s that tho number of variables which determine tho 
state of tho system of bodies in question and whoso changes 
in time therefore uniquely determine tho course of the 
process is essentially limited. Eor example, in the case of a 
slowly variablo quasi-stationary ourront in a linear con- 
ns 
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diictor at rest the whole state depends on a singlo variable , 
namely the cuiTent-strongth, in tliat the magiiLotio field 
in the surrounding insulator everywhere has exactly the 
constitution which it should have if the momentary value 
of the current-strength were constant, and the proooaa ia 
to be regarded as known in all its parts if tho current- 
strength has been determined as a function of tho timo. 

Before commencing our treatment of quasi-stationary 
processes we shall pause for a moment to consider whothor 
in the case of a definitely given system of bodies there is 
not a criterion which can bo formulated quanhitativoly 
to decide whether a process may be regarded as quasi- 
stationary. If we are dealing with moving "bodies a 
criterion of this land suggests itself at once : it is tho 
condition that the velocities involved should bo small 
compared with the critical velocity G, But this condition 
is not sufHoiont, for in conductors at rest certain olootro- 
dynaraio processes can also occur which may not bo 
classified as quasi-stationary. In § 80 we shall moot with 
an easily visualized relation between the magnitudes foi: 
tliose oases which can be applied as a general oritorion for 
tire quasi-atationary oharaotor of a process. 

Among quasi-stationary processes there are some which 
are distinguished by being partioularly simple. Wo slmll 
discuss them first. In these processes all tho olootrio 
currents are closed or, expressed more acouratoly, tho 
flow of electricity is everywhere tangential to the surfaooa 
of the conductors. The simplification effected by this 
condition is two-fold. Firstly, in tho case of closed 
currents the electric charges that present tliemsolves ah 
the surfaces of the oonduotors and henoe also tho oorroa- 
pondmg oleotrio intensities of field are everywhere so small 
that the resultmg < electrio energy of the field oan bo 
neglected entirely in comparison with the magnotio onorgy 
caused by the currents. Secondly, we can immodiatoly 
apply the formulae set up in the preceding ohai^tora for 
the magnetic effects of olosod stationary cuirenta to 
oaloulate the magnetio energy which now Jone remains in 
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tho ])rcsont oaso. In this way, by ap^hying tlio onorgy- 
pri]ioiplo, wo arrivo at dolinito laws for tho processes in 
qiiostioii. 

§ 75. Ijot ns first oalculato tho niagnetio onorgy E of a 
quasi-stationary field which is composed of any arbitrary 
nuinbor of movable pormanont magnets and conductors 
of oiirronts omboddod in a common insulator which extends 
to infinity in all directions, illho magnetic intensity of 
field 11 at any point of any substance is composed of two 
oom])ononts : of tho field-strength Ilm which arises from tho 
magnets alone and doj^onds only on their momentary 
position, and of tho field-strength II{ which arises from 
tho currents alone and depends only on tho momentary 
positions of tho conductors and tho momentary flow of 
olootrioity in thorn. Thus : 

W Jin -1' IJi (320) 

vootor Jim is derived from tho potential funotion of 
tho pormanont magnets : 

= _ grad f/j .... (830) 

whoi'ons the vootor Jl, which has no scalar potential, oan, 
by {28'1), bo roforrod back to tho vootor-potontial A of the 
ouvronts ; 

Jli i curl /I (331) 

Sinoo wo assume to have tho same value in all sub- 

stanoos {§ 06) Jl is continuous throughout. In view of tho 
romark at tho end of § 36 ooncorning tho magnetic onorgy 
when pormanont magnets arc jn’osent wo have for the 
magnotio onorgy of tho wholo system : 

+ + . . (332) 

Lot US oonsidei^ tho three x^arts of this oxinussion 
separately. Tho fli’st part ropresonts tho magnetio 
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energy 'Or the luagnetic self-j)otontial of tlio pormaiioiit 
magnets : we designate it as previously by U. Ry using 

(330) we can transform the second part; nainioly, since 
j) and Hi are continuous : 

j Urn . Hidr ~ j (f) . div Hidr. 

On account of (331) this expression vanishoR. Finally 
the third part when correspondingly transPonnod by 

(331) gives us : 


ii 

Stt 


J Jlihlr = curl A . Jldr 

hr! 


. (332«) 


and, by (241) and (289), we immediately have : 

ffJ.J' 


Tcl^ • 


2o2. 

in which double integral every volume-oleinoiit of tho 
\vhol6 space belongs both to the dr and to the dr'. 
Comparison with (319) shows that this expression is 
negative eleotrodynamio potontlal 
TK of tlie current system in space. We obtain as the total 
value of the magnetic energy of all the magnots and all 
the currents : 

HJ^U -W 


At first sight this result, according to which tho total 
raagnotio energy is simply composed additivoly of tho 
energy U of the magnets and the negative potential TK of 
the currents, and mvolves no term duo to the interaotion 
0 magnets and currents, may appear rather surprising 
and striking In particular the question forces itself oil 
us, whence does it come that the value of ^ differs froni 
the value, expressed in (322), of the total potential N of 
le magnets and the currents, wliioh we obtained by 
leplaoing every current by its equivalent magnetio sholl 

between I. tl'ia oontoast 

between M and F oonsista in the fact that although a 
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ouiTont oaii, l)o fully roplacod by a magnet so far as tlio 
ofCcots whioli. omanato from it aro ooncornod yot, in apito 
of -thi.s, it cannot bo complotoly ideiitiliGd with a magnet. 
Eor tlio manner in which a current reacts to a magnetic 
Hold in which it is situated corresponds with the behaviour 
of the equivalent magnet only with regard to the pondero- 
motivo actions, in accordance with the principle of action 
and roaotion, but not, as we shall see, with respect to its 
olootromotive effects. It is on this difference between a 
ourront and its equivalent magnet that the difference 
between JJJ and F is founded. 

To distinguish the total olectromagnetio energy B from 
the ])otontial F which is all-important only for the 
moohanioal work, B is often called the “ free energy.” 
Wo cannot hero discuss the general relationship between 
tho functions B and F. But wo may, by way of an 
example, state that for a held of permanent magnets and 
linear currents Ji, . tho following relation 

holds ! 

-I- +...). . (333«) 

which can bo verified immediately by moans of tho 
equations (322), (323), (32'!;). It will be observed that it 
is of prooisoly tho saino form as tho equation I (407) 
between tho energy B and tho Lagrange funotioii L. 

§ 70. Wo shall now make use of tho expression wo have 
found to solve our problem. For this purposo wo shall 
apply tho principle of conservation of energy to a series of 
typical oaso.s, beginning with the simplest, that of a single 
linear oondiiotor. 

CPo fix our ideas wo shall begin with a galvanic chain 
which is open initially and whioh has the given oleotro- 
motivo force B ^ and the given rosistanoo tv. Wo require 
to know what is tho value of the ourront-strength J 
expressed as a function of tho time t, starting from the 
moment t — 0, when tho chain is closed, so that 17=0 
for t = 0. To obtain a oloaror insight into the way in 
^ Thin mu.sfc not bo oonfusod with tlio onorgy E. 
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wliicli tho quantities oharactoristio ;ior the jjrneeHs (Iniieiul 
on tho time I wo shall not assuino that tlui oondiKitor in 
at rest but that it is iloxiblo and oxtonsiblo by Hupposiiij', 
say, that a spiral is inoludod in the oirouit, wlio.so turns oaii 
approach or rooodo from oaoh othor. n'hnuji^li this wu 
achievo that in tho oxprossion (J}2*l) for tlui inaj^iK'tiii 
onei'gy of tho curront : 

.... 

the ooeffloiont L whioli is dopondont on tlu^ nuitmil 
position of tho parts of tho oonduotor can also dtqxaul 
on tho time. 

Tho principle of tho oonsorvation of onorgy (hunandn 
that tho sum of all tho onorgios that oomir in t]\o Hystoiii 
In question should havo an invariable value, or its tihango 
in tho elemont of time cU sliould vanish. In the presemt 
oaso wo have to take into aooount, bosidos the nuignotie 
energy expressed in (834), also tho moolianioiil, tho tliorinal 
and the ohemioal energy. 

By the laws of moohanios 1 (81)3) tho ohango tliati 
oooura in tho moohanioal onorgy (kinotlo aiuil olastlo 
energy of the moving and tho doloiinod jiarts of tlio 
oonduotor) in tho time di is equal to tho pondoromotivo 
work A performocl by tho ourront, and Jionoo, by (32H). 
in our present oaso : 

.... (3:i<kt) 

when clL donotos tho ohango in L during tho tiino di. 
Also, by (.804) and (308), tho tliormal and tho oliomioal 
energy oxperionoo tho ohango : 

dt . J^w - dl. . J . W .... (33f)) 

in the time dl, 

Erom tho last throo expressions wo thei'oforo got by 
the enoi’gy principle : » .» 
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or : 

xoJ . . . (336) 

a relation wliicli can bo naecl to calculate J as a function 
of tho time 1. '.ro visualize its physical moaning wo often 
wiito it in tlio form : 

is - 

j .... (337) 

w 

in which it runs closely parallel to the form of Ohm’s 
jja-w for a stationary current. Comparison shows that 
Ohm’s law can also bo applied in the present case pro- 
vided that wo assume that besides the olootromotivo 
foroG B furnished by the ooiitaot potentials’ a second 
olootromotivo force also acts, whoso value is : 

li' = -IJiM .... (338) 

0* dt 

and which is called tho induced olootromotivo force, or 
horo, tho olootromotivo forco of solf-indiiotion. As wo 
BOO, this consists of two parts : tho ono is duo to the 
variability of tho ooofllciont of solf-induotion or tho 
“inductivity” L, that is, on tho mutual displaooment 
of tho parts of tho oonduotor ; tho other is duo to tho 
variability of tho ourront-strongth J. 

J3ut wo must not rogard this oxtonsion of Ohm’s Law 
to non-stationary ourronts as any more than a purely 
formal way of ro-writing tlxo relationship (336). In fact, 
doubts assail us as to whether wo are justified in calling 
tho quantity (338) an electromotive force. I'd’ since a 
force can bo regarded as a cause, wo can arrive at the 
idea that tho expression with the differential cooffioiont 

is tho cause of tho value of J ; this is nonsonso, becauso 
dt 

tho oauso must ju’ooedo tho offoot in time. is not tho 

causG of J; rathor, tho rovorso is tho case. The value 
of J, or, more precisely, its deviation from the stationary 
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™luo - is tlie oauso of TIio analogy with mechanioal 

tWoro^ brought out more strikingly if wo 
tlinn h^^ntitios ill (336) with tlio rovorso sign and 
then logard the first term as inertial rosistanco (I. § 66), 

force^°°^'^^ fi'iotional force, and the third as a driving 

I’ogard the conductor as at rost, 
that IS, A a oonstant, the diSerential equation (336) can 
be integrated and wo got, taldng into consideration that 
J = 0 for i = 0 : 

i7 = — 1 1 _ g z 1 

w\ 




, . . (339) 

I'roni tliia wo SBe liow tlio omTeut-strongtli proceeds 
from Its inrtial value 0 to the stationary value This 
'‘/“'■y I’apict process on account of tlio grout 

I'-ssisfavnoo w, and rotardocl 
laid T ® -“iduotion L. This can be formrr- 

latod by saying that when the ofrouit is olosod (at 

"maks”) the stationary ourrent | does not establish 

wf ™™nt, 

r a ZeTtr T“‘ Buperposeci 

aid W r n T stationary ourrent 

a d has the full value of the latter at the heginniiig 

tMs in^ T ^ Correaponcfing to 

tins induced ourrent at “make,” there is an eqrrallv 

great but oppositely directed ourrent-that is one in 

itseU when, with the atationary ourrenroStyTo:" ^ 
the oirciut the electromotive force B is Lddenlv 

coipletely into' Joufe hort. 
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§ 77. Wo next consider tho iiitoraotions botwoon a 
moving linear oondiictor of rosistanco lo and a moving 
pormanont magnot. Wo shall neglect tlio self-induction 
of tho oondiiotor horo and oonsoquontly take L as ooi.'rc- 
spondingly small. J5y (Ihill) tho magnetic energy then 
reduces to a constant, since tho energy U of tho magnet 
does not change with tho time, and tho ohango of tho 
moohanical onorgy (kinetic energy of tho conductor and 
the magnot) which occurs in tho time dt is, by (328) : 

A^-JclYi (MO) 

0 ^ 


whereas tho corresponding change of tho thermal and 
the chemical energy is again roprosonted by (335). J3y 
tho energy prinoi])lo tho sum of all tho changes of onorgy 
is equal to zero, honco : 

-I- tUiJ'^w - JJH] - 0 
or : 

Jto - JS ^ 0 . . . (IhlOrt) 

0 dl 


If >vo again writo this rolation in tho form of Ohm’s 


Law ; 


J » 


Fj + E ' ^ 
w " ' 


(341) 


and denote tho induood olootromotivo force by F', thou ; 


F 


IdVi 
c dt 


(342) 


is tho electromotive force induced in tho conductor by 
tho relative motions of tho conductor’ and tho magnot. 
As wo see, horo, too, tho induood olootromotivo force 
depends neither on tho oontaot potentials F that occur 
in tho circuit nor on tiro curront-strongth J in it, but 
only on tho rolativo motion of those two bodies. For 
by (323) tho value of Vi represents tho magnetic flux of 
induotion of the field produced by tho magnet through a 
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surface bounded by the oonduoting circuit, or tho niiinbor 
of lines of induction originating in tho inagnot, whioh tlio 
conductor encircles, being positive when thoir direction 
corresponds to tho sense in which tho ourront-strongth 
is reckoned as positive. This quantity does not change 
when the conductor and the current remain rigidly 
connected dining their motion. 

According to (342) tho sense of tho induced olootro- 
niotivo force is always contrary to tho inoroaso of tho 
magnetic flux of induction just mentionod, or, as wo may 

jpi 

also say, the induced electric current —'always flows in 

the sense that makes tlio ponderomotivo work (340) 
negative, so that tho kinetic energy of tho motion de- 
creases. Hence the ineobanioal forces caused by tho 
induced cinrent always tend to oppose the motion 
(Lena & Rule), in tho manner of frictional forces. Hero 
again wo see tho similarity between tho naturo of Joulo 
heat and frictional boat. 


■ ^ spooial examples v'o shall now 

immodiately prooood to the more general case of tlio 
motion of a system of any arbitraiy number of linear 
ourronte J^, J^, . . . and any number of pormanont 

magnets. In this case, too, the total energy is mado up 
of the magnetic, the meohanical, tho thermal and tlio 
chomioal energy. By (333) the change that occurs in 
tho magnetic energy in the time dt is hero : 




Md f ‘‘’d dooffioiodi. L 
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onorgy, whiok k obbaiiiod by summing up (330) ovor all 
tho conctuotors : 

dl . H' +...). . , (344) 

and by applying tho onorgy prinoiplo to tho avIioIo system 
in quosfciun, tho expression : 

dU - dW '!■ A 4- dt . {Jil0\ 4- -\- . . .) = o (345) 

This equation is, in fact, satisfied idontioally in all its 
parts if wo substituto for tho olcotromotive forces E' 
E'^y . . . induced in tho oonductors tho expressions whioh 
noQOSsarily follow from tho values found above for tlio 
special cases, ffor tho relation (342) must also hold hero 
if in place of Vi wo write tho total magnobio flux of induc- 
tion through a surface bounded by tho oonduotor 1, since 
it is a inattei; of indifforenoo whothoi’ tho magnotio field 
in whioli tho oonduotor is situated is duo to magnets or 
to ourrents. No^v the total ilux of induotion sent by tho 
magnets and the otiioi.’ ourrents through a surface bounded 
by the oonduotoi,’ 1 is, according to the remarks made in 
oonnootioii with (323) and (325) : 

It wo suhstibuto this in (342) instead of Vi and also 
take into aoooimt tho solf-induotion (338) wo obtain for 
tho total oleoti’omotivo force induced in tho oonduotor 1 : 

E\ ^ - H,(Vt 4‘ hvIi±_hA±Jdl^h±--‘- (^40) 

and ooiTosponding expressions for the quantities 

Erom this wo boo that olootromotivo foi’oos can bo 
induood in a oirouit either by motions of magnets and 
currents, whioli change tho quantities V and L, or by 
changes in tho ouri'ent-strongths but only in so far as 
ike total magnetic flux of indiiction through a surface botmded 
by the circuit becomes changed. 

If we substituto the oxx>rossions (340) in tho condition 
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(345), and if we take into consideration the values of dW 
and A, we find by direct calculation that the relation is 
satisfied identically. This confirms the inner rolation- 
ships contained in the theory that has been doveloiDod. 

§ 79. The law of induced olectroinotivo forces stntod 
in equation (346) can bo immediately extended, in view 
of its physical meaning as above described, to tlio onso 
where the inducing magnetic field B is caused not solely 
by magnets and linear currents but also by space ouiTonts. 
Accordingly the most general and at the same tiino tho 
simplest form of the expression for tho eleotroniotivo 
force induced in any closed linear circuit is : 

■ ■ ■ ■ 


This contains all tho oases hitherto discussed as sjDooial 
cases. 

In applying (347) it is obvious but novortholoss roinurk- 
able that tho closed curve which bounds tho sui'faoo a is 
formed at the time t + dt by tho same matorial j)oiiita na 
at the time t. Hence it follows, for example, for tlio oaso 
considered in § 73 of a radius OA (Rig. 10) that can bo 
rotated in a magnetic field OA, that when tho radius is 
rotated from A and A' through the infinitely small angle 
^ the change of the magnetic flux of induction which 
must be insei-ted in (347) is equal to the flux of induotion 
through the infinitely narrow triangle OAA', and that 
hence the electromotive force : 


c 2 dt 


mil induced in the rotating radius in tho direction 
froni 0 to A, which agrees with Lenz’s rule, since a ourreiib 
flowing from 0 to A causes rotation in the reverse dirootion. 
namely from A' to A. 


In the form (347) the law of induced electromotive 
forces presents itseM as an integral law. Tho (question 
naturally arises as to the form of the corresponding 
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difcential law, as this will inform us about tho olootrio 
intonsities of fiold induood in tho individual infinitoly 
small parts of tho condiioto]'. !tf wo donoto those inton- 
sitios by E, then wo have for tho olootromotivo force in 
tho wliolo closed circuit : 

j5' = (|)/3.dr (:148) 

^vho^e tho iiitogi’ation of tho scalar product of tho intensity 
of field E and tho olomont dr of tho conductor is to bo 
performed over the closed curve of the circuit. 

To bo able to dorivo tho value of E from (347) wo must 
also transform tho right-hand sido of this oq^uation into 
a lino-integral in torms of dr. Now tho time ohango of 
tho magnetic flux of induction through tho surface a 
bounded by tho circuit is oouditionod by two dilforont 
circumstances : firstly, by a ohango in tho magnetic 
field, secondly, by a movomont of tho boundary of tho 
circuit. Honoo tho wholo ohango of tho integral (347) 
in tho olomont of timo dt is oomposod additively of ono 
part : 

dl . I jj,dcr (348ti) 

or, by (BlSct) 

dl . J A .dr (349) 

which denotes tho timo ohango of tiro magnotio Ihix of 
induction when tho boundary oin’vo is hold fixod, and 
another part which donotos tho timo oliango of tho 
magnotio flux of induction in tho constant magnotio field 
Ji in consoquonoo of tho displacomont of tho boundary 
and which, if tho expressions (317) and (317a) aro oquatod, 
assumes tho following value : 

f 8r.[dr,n] (340ff.) 

whoro Br — q. dt donotos tho displacomont of tho point 
r of tlio conductor moving with tho volooity q in tho 
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time dl. )Substituting this value we may also write the 
last expression in the form : 

dtjq.[dr,B]=dljdr.[Ji,q] . , (1150) 

so that by adding together (349) and, (360) and substi- 
tuting in (347) we get for the oleotromotivo force induced 
when the circuit is closed : 

B' = j,E. f/r = -IjAdr-il dr . [If . q] 

and for the local intensity of field in an element of the 
conductor : 

J3 = - ~i - i [J5, qf] - grad . . (361) 


where ^ denotes a certain scalar uniform and continuous 
fimotion of the roforenoo-point. So long as wo are eon- 
corned only with the electromotive force in the wholo 
closed oh’ouit the value of the function ^ is quito imma- 
terial. If, however, we enquire into tlie value of tho 
actual intensity E of the electric fiold at a definite point 
of the conductor, then, in so far as tho' other quaiititioH 
A, B and q are known, <f> also has a perfectly definite 
value which can be calculated from tho condition cliv 
B « 0 and for the special boundary conditions imposed 
m tho case in question. 


IJ the local intensity of field E is given by (361), this 
equation does not represent a prue difforontial law. sinoo 
the potentials a and ^ occur on tho right-hand side. 
We oan, however, eliminate these quantities simply by 

SlTlfn of ( 282 ) 

the followmg relation then results : ^ 


curli3= r^fi-iourl[B,r^] 


(3D1«) 


m which only field-quantities now occur. 
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to two diltomit oaiisos, namoly, to tho local time varia- 
tion of tho hold in which tho oloinont of tho condnobo].- in 
Bituatod and to tho motion of this olomont. Tho change 
ill tho hold acts in acoordanco with tho local ohango of 
tho vector-potential A, tho motion of tho oloinont of tho 
conductor works in such a way that tho oleotrio intensity 
of hold gonoratod is proportional to tho area of tho jiarallolo- 
grani formed by tho velocity q and tho local magnetic 
induction U and is porpondioular to this parallolograiu 
ill tho sonso indicated in Eig. 1.1| namoly so that for an 
obsorvoi* swimming in tho direction of tho magnotio in- 
duotion n and looking in tho direction of tho velocity q 
tho oleotrio intensity of hold acts towards tho light. 
If this intonsity of hold IS generates a ourront J in tho 
same sense in the oonduotor, tho magnotio 
field JS acta on the current with a pondoro- ? 
motive force Jf, which, by (318) (Eig. 0) is 
opposite to the velocity q ot tho oonduotor, 
and so seeks to hinder it, which is in 
conformity with Lenz’s rule (§ 77). 

Tho two causes of elootromotivo indiio- Ein. n. 
tion (or induced elootromotivo foroos), 
the ohango in the field and tho motion of tho 
oonduotor, arc thus not so difiloront by naturo as 
iniglit be assumed at first siglit. Eor tho oiio caiiso can 
to a certain extent replace tho other, Eor oxainjilo, 
if wo recoUeot that by (347) tho olootromotivo forco 
' j induced in a closed linear oonduotor by the rolativo 
motion of a permanent magnot in its vicinity dopoiulH 
. only on this relative motion, it is clear that pliysioally it 
makes no difforenoo whether tho oonduotor is at rest and 
i' tho magnot is moved oi.' whothor tho magnot is at I’ost 
’.apdftho oonduotor Is oorrespondingly movod. J.u tho 
iormor oaso, however, tho cause of tho induood Iiold- 
stroiigtli E ill an olomont of tho conductor is oxjii’ossod 
: in the term involving A, in tho lattor oaso only in tiio 
i ; term involving q. Tho fact that in both oases tho saino 
value comes out for Ji in oaoh olomont of tho oonduotor 
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is due to tlio addition of tho function (fi in (351), a.s oloaor 
examination sliows. Wo oamiot, howovor, go into this 
further here {but of. § 99 below). 

§ 80. Now that we Imow tho differential Jaw (35,1) for 
the induced electromotive force wo are ahlo to oaloulato 
the strength of the induced electric field at every point 
also for sijalially extended bodies, and, nioroovor, sintio 
the equation contains no material constants, for insulators 
as well as for conductors. We can obtain, for example, 
le electrical excitation and the course of tho ourront in 
a copper disc which is in motion between tho polos of iv 
magnet, or in a copper enolosm’e containing a vibrating 
magnet needle. These so-called Eouoault ourronts ol) 0 ,y 
.Lenz 8 rule in that they always flow in such a sonso tlifib 
m ue of the mechanical forces that act botwoon them 
and the mapet the motion is obstniotod, just as is tho 
case with friction. 

example we consider the process of oxoita- 
Hn-«r 1 ° in a closed circuit of finite oross-seotion, 

galvanio battery: By § 70 the oun-oiit- 
in virtue of solf- 
Bnt +lm value zero to its stationary value, 

at all is not the same siniultanooimly 

acts o^fi f "" ‘^foss-seotion, rather the solf-induotiou 

the Bxw on 

a In 

thf vector-iin!^^+^-*'?'^^’'^^i^ expression (289) shows, 
self-induotin through whose change in timo tho 

this reason tli ■ ^ ‘^*^^^®nt-stream than at its edge. Eor 
b^wmSb^'' more 
and it can ha^'''-’ ""lu °™ductor than at tho aurfaoo, 
rents in a oy^chical rapidly alternating our- 

the condLtor ^ conductor that the inner parts of 
that is that tliprn^^ ahnost free of ourront {stromlos), 
hollow cylinder is suhat-+ cliEoronoo when a 
{Skin effect), ^ ^ massive oylindoi.' 
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§ 81. We can also make several other docluotions of 
fundamental importance from the ofLiiation (351). - W 

since there is only one kind of olcoti’ic intensity of i ^ 
the Gleetrio intensity of field induced in an msulatoi 
causes, like a statical intensity of field, an eleoti 
polarization corresponding to its dielectric cons ai 
(§ 26); that is an insulator that moves ^n a magnetic 
field becomes dielectrically polarized to the extent given y 

^ If? further, the body that moves in the magnetio field 

carries an electric charge e, as, for 
charged sphere, the induced electric intensity o le c ^ 
by (214) exerts a ponderomotivo force on the bociy 
amount ; 

Ji wo oomparo this expression with that for the 
meohanioal force (318) which the same 
exerts on a ourrent-elomont J . situated at the same 
point wo get full agreement by setting i 

Jdv^eq 

That is, the force exerted by a magnetio field on a 
point'Chargo is exactly etpual to that exerted on a curi 
clement flowing in the direction of the motion and is o 
corresponding intensity and length (this is oxamphliccj 
in the deflection of cathode rays, a- and p-rays). Hoi 
wo also call a moving oleotrio charge a conveotio 
current ” and can enunciate the theorem that a ora- 
tion current is equivalent to a oonduction curmnt. un 
aeoount of the meohanioal principle of action and ^eactio 
this equivalence also applies to the mechaincal action 
which a conveotion current exerts on a magnet (Rowland 
effect) and consequently also to all the other J 

effects of the current. Hence we can say quite gener y 
that a convection current has the same magnetic properties 
as the conduction current determined by (3o3). 
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All tho tlieorcms horo doducGcl whioli rofor to tlio 
motion of a body in a oonetant magnetic liold aro oqually 
valid according to tho Princi])]o of Rolativity, as alrtiady 
emphasized in § 79, for a body at I’oat towards whiok a 
magnet moves, that is, for a stationary body in a vaviablo 
magnetic field. 



CHAPTER II 


QUASI-STATIONARY PROCESSES IN THE 
CASE OE UNCLOSED CURRENTS 

§ 82. Tub transition from closed to unclosed currents, 
of wliioli we haye an example in tlie current discharge of an 
eleotrio oondoiisor, is aoeompaniod by the two-fold change, 
as remarked at the end of § 74, that first the eleotrio 
energy of field may no longer bo neglected in comparison 
with tho magnetio energy of field, and secondly that the 
expression for tho magiiotio energy can no longer be 
directly taken over from that which holds for stationary 
ourronts. 

Let ns first deal with the electrio energy. At every 
point of tlie surface of a oondnotor, where tho current- 
flow has a normal component that differs from zero and 
lionoe oomoB partly to an end in tho transition to the 
insulator, a more or loss oonsiderablo density of eleotrio 
charge h accumulates, in accordance with the boundary 
condition (46) : 



sinoo J',.' vanishes for tho insulator. If wo multiply this 
equation by tho surfaoo-elomont ch and integrate over 
any arbitrary portion of tho surface, tho boundary 
condition assumes tho form : 

1 ='“^ 

whore e now donotos tho whole eleotrio charge situated 
on tho portion of tho surface and J denotes the total 
ourront-strongtli whioli is directed towards this portion 

103 0 


194 ELECTRICITY AND MAGNETISM ohav. 

of tlie surface and ends there, whoroas in {.'154) J,, denoted 
the inwardly directed ooniponont of the cui’i'ont-ilow. 

The charge accumulated at tho surface will ptoduco 
an electric held that varies with tho tiino. But tho 
assumption that tho process is q^uasi-stationary will allow 
us to regard this field as statical at any instant and to 
calculate its potential function just as if tho moinontavy 
charges at all points of tho surfaces of tho conductor 
were permanently present there. This assumption oorro- 
sponds completely with that mado in the jrrocoding 
chapter with reference to the inagnotic onorg}’-, namely 
that the magnetic field in its whole extent instantaneously 
copies the fluctuations of the ourront-strongths. 

Thus if we imagine an arbitrary system of conduotors 
in an insulator of dieleotrio-consfcant e stretohing to 
infinity in all directions, tho elooti'ic potential function 
will at every moment have tlio value : 

0 = 1 (3130) 

in the whole of space, the integration being porfoumod 
ovei’ the surfaces of all the conduotors, Prom this tho 
simultaneous electric intensity of field and olootric onorgy 
of field immediately follow, as in an clootrostatio field. 

§ 83. It is a little more difiicnlt to express tho magmUc 
energy of unclosed ourronts in terms of tho ourront- 
strengths. Eor the calculations mado for closed ciirrouts 
in § 62 here leave us in tho lurch, as tho following siinplo 
reflection shows. If we wished also to introduce hero as 
a fust approximation the relationship (241) thoro used 
between the oiirrent-density J and tho magnotio intensity 
of field H we should, by applying Stokes’s Law, also 
obtain the relationship (274) again, which connoob tho 
magnetic work along a closed curve with tho flow of 
electricity through any surface bounded by the curvo. 
But this relationship has no meaning in tho oaso of 
unclosed currents. Eor tho flow of electrioity Just men- 
tioned IS not then independent of tho form of tho surface 
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For example, it is Genual to the total currciit-streiigtli if 
the closed ciu'vo lies ontiroly within, the insulator and if 
tJio surface outs the conductor traversed by the current ; 
but it is eq^ual to zero if wo place the surface around the 
Gild of the current, keeping the boundary curve fixed, and 
so make it lie entirely in tlie insulator. The reason for 
this break-down of equation (241) consists in the fact 
that in the case of unclosed currents although the volume 
divergence (60) vanishes the surface divergence (46) of 
the current-density J does not vanish, as we have seen 
in (364). 

To avoid the difficulty just quoted we must replace 
the equation (241), which as wo see can be used only for 
olosed currents, by a more general relationship. We can 
obtain such a relationship by refen’ing bade to the general 
hold equations (31a), whioli may bo written in the form : 

= + • • ■ ( 357 ) 

This expression, which is more general than that given 
by the simpler relationship (241), may bo formulated as 
follows : in the oase of unclosed currents the magnetio 
field is to bo oalonlated by the same method as for olosed 
onrronts, only that the ourront-donsity J, which corre- 
sponds to tlio conduction cuirent, must bo supplemented 

by another ourront-denBity which is called the density 

of the displacement current. 'This is determined by the 
time-change of the oloctrio field, in particular, of tlie 
electrical induotion. 

§ 84. By introducing the displacement current we can 
carry out exactly the same calculation as was done in 
§ 02 for olosed currents by now writing in place of the 
ourront-density J of the conduction-current the current- 
density of the whole current j 

J + A = B (368) 
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It ia clear that the contradhitiou ahovcj oljjctifcnd to 
now vanishes, since for tlio vector i'l both tlie volmnn 
divorgenco, by (30), and also the surface divergenuio, Uy 
(34), arc equal to zero, and in this sonse wo may Htate l-liu 
theorem that Maxwell’s electrodynainicH d(5alH only 'vilh 
closed ciuTonts. 

Thus wo obtain for bho vector-potential of tho toliil 
flow, by (289) : 

/I* -/I H-/ . . . . (llfiO) 

47rc Jr • \ / 


where, as liithorbo, wo use bho symbol A to refer to tln> 
conduction current alone, so tliat the e{[uation (2H1)) 
remains valid for A whoroas on the other hand iuHtoad of 
(283) wo now have div A^' 0, 

The additional term in (369) can be put in n. niox'o 
convenient form. The aj-oomponont of this voctar runs, 
if wo introduce bho olootrio potential function </> in pJuvo 
of the oleotrio induotion 1 ) \ 


Stto * 1 dx' ’ r 



( 1100 ) 


Binoe when wo intograto by parts with rospoob to fi;' bho 
surface-integral vanishes booauso <j) and i are both ooii» 
tinuous. If we now consider that : 



(301) 


and that (j>' and dr' do not depend on a;, bho exprossion 
(360) may also bo written : 


0 dx 

where the scalar quantity : 


(302) 
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and blio vector-potential (369) of the whole current 
becomos : 

= A — ^^gmdifs .... (364) 

c 


Using (284) we obtain from this the important result ; 

jl-iourU* = -ourU . . . (366) 


Hence oven in the case of unclosed currents the mag- 
netic intensity of field is calculated from the vector- 
potontial of the conduction currents without regard to 
the dieplacemont currents although div A does not vanish. 

§ 86. '.i:ho position is diEoreiit, however, in the case of 
the inagnotio energy, as wo shall immediately see. It is 
truo that on account of (366) we also obtain for it the 
expression (832a), namely t 



A , ouli JI . ^^T 


but the value (357) must now bo substituted for curl H 
and, this loads to tho following amount for the reijuired 
magnetic energy ; 



which, by (289), wo may also write in the form : 


JL 

2c2 


m 


J + drdr' 
47r/ 


or, if wo intorohange tho accented and the unaccented 
q[nantities and introduce tho vector-potential A* of the 
whole current-flow, as : 

i- f j . A^dr 

2c J 

and lastly by (364), if wo introduce (319), as . 


W 


^/j.grad^dr . 


(366) 
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■where W again denotea the oloctrodyiiaraic potential of 
the conduction currents. 

Hence in the case of unclosed cinTonta the exjn'ossion 
— W of the magnetic energy which is valid J’or closed 
currents becomes supplemented by another term and to 
calculate this term completely wo have to dotei’inino the 
value of the scalar function j/r. This can be done most 
dhectly by using the identity : 

A)' = 5 (387) 

r 


and by writing equation (363) in the form : 

dh' . dh . dh' 




dh' . \ 1 I 

dx'^'^dy"^ dz'V 


Integrating by parts wo get, since (f is continuous : 



Integrating once again we get, sinoo div 1> « 0 : 

where the integral is to be taken over the surfaces of all 
the conductors ; or by (41) and (364) : 

ifj=> ~~ jii'rda' = 11 J'^rda' . . (368) 

We see that ^ vanishes for closed currents, since then 
Jy = 0 at the surfaces of all the condiiotors. 

Now that we have found the value of ^ wo can express 
the additional term, which occurs in (366) for the 
magnetic energy and which is characteristic for unclosed 
currents, either in the form of a surfaoo integral to bo 
taken over the ends of the conduction currents or in the 
form of a volume integral to he taken over all the 
conduction currents. 
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For tliG first purpose, rotnoinbcring that div J = 0 
J, vanishes towards the insalator, wo can write the 
additional term in the form : 


2c2 



. i/i .da . 


(300) 


where tlio integral is to be taken over tho surfaces of all 
the conductors and so, by (308), wo obtain the Gxpression . 


1 1 J„.jV .r.dada' 
4:C^ 


. . (370) 


According to this every combination of two curiont 
ends makes a contrilnition to tho magnetic energy. . nt 
this contribution is tho smaller, tho nearer tko current 
ends lie together. This is easy to understand if wo realize 
that tho contribution is duo to tho displacomont ourronts 
which flow botv'oon the ends of tho ourronts and which 
in a oortain sense form tho continuation of the oonduotiou 
ourronts, since they supploinont tho latter to form olosod 
ouiTenta. Eor example, in tho case of tho disohargo- 
ourrent of an electrical condonsor of very small bliioknoss. 
the above contribution is vanishingly small and the 
magnetic energy is very noarly as great ns if tho ourront 

wore closed. , „ 

Eor the second purpose wo write tho funotion t/j in the 

form : 


,/; = 


i j div ( J'r) . dr' 




dx' 

If 


whore els' denotes an oloinont of a stream lino, further, 
wo write the supplementary term in (366) m tho corre- 
sponding form : 

'ds 


dr 
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and so arrive at tho expression : 


JL 

40^ 



J 


J' 


dh' 


dsds 


■} drdr 


(371) 


All in all we then obtain for the magnetic energy of a 
system of unclosed conduction ciirrcnts, by (366) and 
(320) : 


lit 

2o2 


J I • U' 


'cos S, 1 dh' \ 


drdr' . 


(372) 


The fact that the second term of tho summand can be 
neglected can be seen at once if, by (291a) wo write : 

I e/l ‘rfr = Jds 


and now perform the integrations over the lino-elements 
ds and da' of tho closed ourrcnt-filamonts. 

Instead of the difEorential ooeflioiontfl of r with roapoot 
to s and a' wo can also introduce besides tho angle 8 
betivoGii tho two line-elements also the angle which tho 
direction of t makes with the directions of ds and da' by 
means of the identity : 


_ oosS _ 1 0r 
dads' T ?■ Si ^ 


(373) 


which results when avo differentiate the equation : 

^ ^ 4, 9?/ - s' 32 

9s ?■ 9s 9s r ds 

Avitli respect to s'. 

Summarizing the results of our calculations we may 
state the theorem that, so far as quasi-statioiiaiy processes 
come into question, the magnetic energy of a system of 
imclosod currents . . . may again he rej)resonted 

by the formula (324) deduced for closed currents with 
the modiHcation that only the ooeMoionts L become 
generalized in the manner of (372). In most cases this 
modification is of no account practically. 

Having obtained the expressions for the oleotrio and 
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tho magnetic energy we can now inako the same deduc- 
tions as in tlio preceding cliaptcr for closed cuiTents. 

§ 80. We shall now take as an oxamplo the important 
case of the discharge of an electric condenser. In tho 
initial state {t = 0) let tho charges on the two plates ho 

Co and - Cq, and let the intensity of tho discharge 
current J, which by (356) is determined by tho variation 
of the charges in time, bo Koro initially. Tho course of 
the process is then given uniquely by tho application of 
the energy principle. Since tho conductor is^ at rest anc 
since no chemical changes occur we need take into account 
only tho olectrio energy, tho magnetic energy and tho 
generation of heat. 

We obtain tho value of tho olectrio energy from § 82 
in tho olcotrostabic portion of the present volume by 
applying the formula (221) : 


1 . Ic® 


(874) 


whore 0 = 4 denotes tho cajmoity of tho oonclonser. By 

r ' , 4 • 

§ 86 (conoluding remarks) tho uiagnotio energy is again 
determined by (834), the oooffleiont of self-induction L 
being constant in time hero, and tho heat generated in 

the time cU is given by (304). 

Tho principle of tho conservation of energy then 

loads to : 


or, if (366) is taken into account : 


Ldh 




(376) 


an ecpiation which diHors from tho corresponding equa- 
tion (336) for a closed oiirreiit only in that hero the 
potential dilforenco at tho two ends of the current, that 
is, at the plates of tho condenser, becomes added. Com- 
parison with I (19a) shows that it agrees exactly with 
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tho equation which rcprosonts the motion of ii uniformly 
darapoci oscillator, the coofliciont of solf-indiiction L play- 
ing tho part of the inert mass, tho rooiprooal of the 
electrostatic capacity G that of tho attracting forco and 
the galvanic resistance lo that of tho damping agent. 

Hence tho process of discharge has a diitoront character 
according as tlio quantity : 


^ c8(7<^ 


(;i7(;) 


In the first case, including tho limiting (second) case, 
tho discharge oconrs from beginning to end in a dofiiiit(^ 
direction ; in tho last case, if the resistance is suniciontly 
small, tho x)rocos3 is oscillatory with a damped period, 
tho frequency being : 


C5 / i 

27r'V^ IP* 


(977) 


which is iiidopondont of tho initial olmrgo 
logarithmic docromont being : 

O^V) 

• • • • 


Cq, tho 
(U7H) 


In all oases tho original olootrio energy is finally to bo 
found as Joule energy in the cironit and tho path of tho 
S23ark. Eor not only the rosistanco of the conducting 
substance but also the 8|}arJc ga^) contributes to tho con- 
duction resistance w. Tho smaller the conduction rosist- 
aneo w, the slower tho decrease in tho amtilitudo of 
vibration and the longer tho time taken for tho oscillatory 
process to come to an end. In the case of weakly dampetl 
oscillations tho frequency is very nearly, by (377) : 


G 

Stt-v/SS 


(370) 


which is Kelvin’s formula. 

The oscillatory discharge was first subjected to moasure- 
ment by W. Eoddersen, Avho separated out sijatially the 
sparks emitted successively in time by tho disohargo. 
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Ho iiuhioved this by moans of a rapidly rotating mirror. 
Tho froq^uenoy v used by him, which is to bo calculated 
from (379), was of tho order of 10® per second. H. Hertz 
was tho iii'st to incroaso tho frequency considerably by 
roducing tho^ capacity and tho self-induction. But wo 
must leave tho discussion of iHortzian waves till tho next 
chapter because tho processes offooted by them in tho 
oloctromagnotio hold occur too rapidly to allow them to 
bo regarded as quasi-stationary. 
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-■DYNAMICAL PROCESSISS IN S'J.'A'J.’IONARY 
BODIES 

§ 87. Ip an electromagnetio field dhangos so rapidly in 
space and in time that it can no longor bo rogaixlecl as 
q_uasi-stationary all tlio meblioda liithorto iisoil by uh 
break down and tlioro is nothing for ns to do bnt to return 
to the general equations ostablislicd in tlio soeoiid ehajitiu’ 
of the first part of the jirosont volume, and to dod,uoe from 
thorn the relationships which oorrospond to the physitiiil 
oaso to he invostigatod. 

Wo shall first ti’oat those equations for liomogoneoviH 
Isotropio bodios at rest and shall siinplify thorn by showing 
that all tho vectors that occur in thorn can bo roforrod to 
ono single function. Wo first solve tlio oquation (fil) for 
tho magiiotio iuduotion B by gonoralisiing (282) and sotting j 

B onrl A (880) 

Tho Gleotric intensity of hold E satisfies tho dilforontial 
equation (316) : 

ourl A — ~ c ourl E 

whoso integral is : 

■E=-f“gmd^; .... (381) 

Those rosults refer tho voctors ,E and B and, by (28), 
(29), (30), also tho vectors O, J and JI to tho vector- 
potential A and tho scalar potential (j). 

It is possible to introduco a certain relationship arlii- 
trarily between tho two potentials A and ^ without 
restricting tho generality of the electromagnetio process. 
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For if we acid tlio term grad «/» to tile vector A and the 

torni — ^ to tlio x^otential where j/f donotea any scalar 
c 


function of siDace and time, then by (380) B remains un- 
ohanged and also, by (381) E. 

(il’lio function is quite arbitrary ; it cannot be deter- 
mined from the remaining field-equations, because they 
contain only the field-strengths and not the potentials. 

Wo shall use the incleflniteness mentioned to resolve 
tho clifEerontial equation resulting from (31a) into two 
simpler equations. Idiis equation runs, in consequence 
of (280) : 


~C 


€ grad f/j 


- grad div A 


--Ayl-h 

+ i-TTK grad^. 


It is satisfied if wo apply the result of our above remarks 
by sotting tho terms following the symbol grad equal to 
zoro ! 

— erii » - div A + iwK<l> .... (3S2) 

and hence also : 

+ . . . ( 383 ) 

0 ju, c 

or, if we introduce the quantity : 


■s/efM 


= U 


(384) 


which denotes a velocity, and the time of relaxation (P 
from (21), wo got : 

. . . (386) 


and : 


T 


+ ^ = (886) 


Tho last differential equation, which is satisfied by the 
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vector potential A, is often called the " equation of 
telegraphy. ” 

If we also take (60) into account or : 

■ = 0 . . . . (387) 

we obtain from (385) by differentiating with respect to t : 

+ (388) 

Hence also the scalar potential and consequently all the 
field-veotors satisfy the equation of telegraphy. 

Any two expressions for the potentials A and ^ — whioh 
both satisfy the equation of tDlograj)hy and are also 
related as in (385) — represent a possible olectromagnetio 
process. 

Einally wo can also refer the funotions A and ^ to a 
single vectorial function Z whioh need only satisfy the 
equation of telegraphy : 

•• 

+ ..... (389) 

while wo satisfy (386) by setting : 

+ ■ • • • (300) 

and : 


^=--divZ (391) 

All the field-vectors then result uniquely from the one 
vector Z called the Hertzian vector, namely, by (381) : 


E - grad div Z - Az ^ curl curl Z . 

. (392) 

and by (380) : 

^ + ^) . . , 

. ' (393) 

Per non-oonduoting media (Y = oo ) wo 
particular : • 

have, in 

c ♦ 

jB = -s ourl Z ... . 

. (394) 

while the equation of telegraphy (389) becomes ; 


Z = q^.Az . . . . 

. (396) 
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the well-known wave-equation II (222), with the velocity 
of propagation q. 

For a vacuum or a sufficiently rarefied gaa (e = 1, 

= 1) (7 merges into the critical velocity o and in this 
way the critical velocity acquires a direct physical moan- 
ing : it is the velocity of propagation of electromagnetic 
waves in a jniro vacuum — a theorem which, on account of 
the fact that the critical velocity has the same value as 
the velocity of light, formed the starting-point of Maxwell’s 
eleotromagnotio theory of light. 

§ 88. The general solution is less interesting from the 
point of view of ]3hysical applications than a particular 
solution of the field-equations which is adapted to the 
jfiiysical conditions nnder discussion. We shall begin 
with this ease whioh, aa we shall see, gives us the theory of 
tlio ra]Did Hertzian vibrations raentionod at the end of the 
prooeding chapter. 

The wavo-oquation (306) for j *= o is satisfied, aooordmg 
to II (230), by the oomponentB of the vector Z : 


= 0 , => 0 , 



(800) 


whore /denotes an arbitraiy funotion of a single argument. 
By (392) and (39d=) wo get from this the following ex- 
pressions for the elootric and magnetic components of 
the field : 


dxdz 

• • 



, (397a) 


. .. 



. (397b) 

0% 

0^2* 

i! 

i 

. (397c) 

_ 

c di/dt’ 

= 

1 rr = 0 

odxdi* * 

(398) 


We can assume that these expressions are valid in the 
whole of space except, a small portion around the origin 
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r = 0, "because here the Hertzian vector becomes in- 
finitely great. 

Let us now investigate the physical significance of the 
field-components in the neighbourliood of the origin. 
We can then write : 

/(<-j)=/(«)-j-/«) + (309) 

Thus if we assume : 

r<°-^ 

which quantitatively specifies the condition implied in 
the term “ in the neighbourhood of the origin,” the 
Hertzian vector reduces, by (306), to : 

, = 

and from (397) and (808) we obtain the following values 
for the field-components : 

3al 

1 1 

=- 0 . . (401&) 

or, written in another way : 

jE = — grad cj), II = curl A 

where : 

ai 

<!■ = - ■ . . (<to2) 

^. = 0, A, = 0, = ■ ■ (403) 

These expressions represent a quasi-stationary flold. 
!By (146) the electric field with tlie potential (f) lias its 
source in an electric dipole at the origui, its axis being in 
the direction of the 2 -axis and its moment being f{t ) ; 
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)iy (2HU) miijj;iuitii! liuld witli tlin vciotoi'-potoutial A 
hiiH itM HduiTciii a i-iii’naili-iOiaui'iil., HitiiattMl at tl\(U)rij,dn, 
of an iiin-lnHail ciimait (Imviii^^ in (Jm xlirctition, whila 
7(0' ''.V (2!I2), jfivi'M th(' iinitlnnt of tlio muTont-Htrcmgth 
anil llio of th(^ olomniiL 'I'hin in pmoHoIy tli(' 

|•nm'n(. wliioh i'auMi‘.4 llio olnin|L{<» in tlio ohai’go of tlio 
l■)^•l•tri«' i!i{iolo juHl, nunitioiu’d. 

Ilonro wo aro jusliliod in diawing tlio following iioiv- 
oliiHiim : an olootrlo dipoh' lying along tho ;:;-axirt at tlio 
origin and having Iho inoinont /(/) wliioli van vary arhi- 
frarlly with tho titno gonoraton in it.-H hnniodiato noigh- 
limirhood, that ia, ai. diatanooa whioh am of tho ordor of 
magniindo imlioalod in (‘.UKi), a {piaHi-Htationaiy iiold 
whioli iw dotorinim’d liy ita nioinont at tho partionlar 
iiiHtant uial iU oiuingo of ourmut {VinbidunijMlrom) at thin 
Instant. At gmatin* lUstaiun^H r, howovor, tho u(|uati()nH 
('inl) loMO tlioir validity and thoy hocionio mplaood by tho 
morn gonoral o.'cpvoHMioiiH (1)97) and (JIDH) whioli mprosont 
tlio only oxlonslonH of tho liold-vootoi-H whuih aro oon- 
tinnons and omnimtihln with tlio dynainloal (iold-oijuatioiiH 
for any valiu*H of tho distanoo r wliatsoovor. 

Lot us noxt ooiiHldta' (lio o|>|>(mlto liiniting oaso : tho 
vatnoH of tlio (iold stmiigtliH at diMtaiioos from tlio origin 
wliicli am ho gmat tliat : 

, j-m 

/{/-) 

'I’lio only lonns tliat thon mmain in tlio ilin!omiitiatioiiH 
in (H97) an<l (UllM) am tlioHo wlih'li aviHofroin tliodifforoiitiiv 

tinn of tho argninoiit {l> ■ |.) of 7'i and wo obtain : 


;:)• 

U. ... IJ{l ■- 0, It, - , *a/(( 0, H. ... 0 . 


(‘lorifO 


(4006) 



2u* an:d magnetism o„.vp. 

iiivIiliiiTu **■ wave which 

IK ilm,l( outwardM Math tho velocity c and which 

m illoicovcr a niUHVerHO w-avo, for both tlic electric 
ciiHity ol held ].l and aino tho magnetic intensity of 
li.dd 7f are ,a,r,,end.cular to tho radios r of tho splierical 
W'livo, MH IH h1u»\vii l>y tho Tolatioiialilps : 

iVK^ -I* /y^i/ ZlCe =--= 0 

and 

irJlt -h yjffi/ -h Zllz 0 


-p xo^ir, ^ o. 

^ Itotli fclit! (il(\i:trio ami (Jio magnotio lines of force are 
circJ(*H aiifl, on maioiinl. of //, o, tlio magnotic linos of 
lor(!o aw (iUo (frosH-HootionH of tlvo spherical wave r = 
ooiiHl. with tho :|)lan<!H pai^MiUoI to the oj^/idane, but tlio 
(dnotnn Jiik’h of towci nro tho groat circles of tho sphorioal 
wav(' whi<ih aro [lorpcndioular to tho magiiotio linos of 
h'jvo and pnHs tlirough tho s-axis, .Tlio directions JS, 
II, ii' iilvi'ayH iorin a riglit-liauciod system and) by (0), 
tho diwution N of tUo c'nurgy-flux ooiiicidoa with the 
tliwctioii 1'. 

Ah loi' tliii viiliKjH ol: tho flold-intonBitios, the electric 
inknmity of ileUl, Ih always oqnal in magnitude to tho 
Miiignotie iiitionHity (tl Jlold. and simultaneously changes 
itH Hign witii it. 'J'liiH ooniiunn value is : 



(40C) 


wdjoro 0 donotoH tho angle hotween the radius vector v 
and tlio a:-axiH. .f:l(nu.!o tho ilGld-iutonaities are zero on 
tho s-axiH whorofis in tho jry-plano they arc a maximum. 

Ah wo soo, tiio oliMitroiniignobic iirocesscs at distances 
for wliicdi r Iiiih tho values given by (404) are totally 
diltor('id) from thtwo in tho neighhourliood (400) of the 
origin. lAn; oxain|)lo, in the case of periodic vibrations 
/(/) tlio hold in tho iininediato neighbourhood of the 
vihiutiiig coiitw is lihowiso perfectly jjeriodio whereas at 
gi’cat tliHtiiii(u?H a traiiHjJoi’t of energy takes place only in 
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the outward direction, nothing remaining of the 2 )oi’iodicity 
oxco 2 )t the iDerioclic change in the strength of the energy - 
flux. The continuous transition from the quasi-station- 
ary vibration to the i)i'ogressive wave is effected by the 
processes that occur at distances r which are of the order 

of magnitude and which are of a more coini)lox 

/(O 

character. H. Hertz has given a calculation and ^fliysical 
description of them for the caao of periodic vibrations in 
Wiedemann^s Annalm de,r Physih, Vol. 30 (1889). 

§ 89. If we now enquire into the meaning of the 
formulae which liavo been evolved for the processes that 
accompany the discharge of an olectrio condenser wo must 
boar in mind that a charged condenser may he regarded 
as a single olectrio dipole only for such distances r as are 
groat compared with all the linear dimensions of the 
oondeiisor. Hence wo must from the very outset restrict 
our attention to those ];)oints of the surrounding field which 
satisfy this condition. But since again, to justify our 
regoi’ding the field as quasi-stationary, tlio condition 
('i.00) must bo fulfillod, it follows a foHiori that our 
equations oan bo applied only to those discharge in-o- 
cesses in which the linear dimensions of the apparatus 
used are small compared with the quantity : 


(407) 

,/(0 


This imposes a certain upper limit to the rapidity with 
which the process can take jflaco. Eor the more quickly 
the changes occur tho more the length (407) decreases. 
On account of tho factor c it is usually so consiclcrabio 
under ordinary oircumstancos that tho required condition 
is sufliciently well fnlfilled in many cases. For example, 
let us take the case of an osoillatory discharge of frequency 
(§ 86). For this (407) is of tho order of magnitude : 

“ = A . . . . . (407a) 


V 
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■where A denotes the length of a periodic -wave advancing 
in space with the velocity c and of frequency v. Eor 
Eeddersen’s vibrations p = 10°, that is, A = 3T0^ cms. =» 
300 metres. The vibrations produced by Hertz wore 
about 100 times more rapid, that is, v = 10° and A = 
3 metres for them ; these figures are still groat enough to 
allow us to regard the Hertzian oscillator aiDproxiinatoly as 
a dipole and the field in its neighbourhood as quasi- 
stationary. In his experiments Hertz used, among other 
devices, a rectilinear conductor which included a s])ar]?- 
gap with a sphere at each end which served as a oajDacity. 
When the two spheres had been provided with opposite 
charges of a certain amount an oscillatory discharge, 
which died away more or less rapidly, took jDlace at the 
spark gap. On account of the very small amount of 
energy mvolved in this process the charges were renewed 
by a continuously working 'influence maohino or an in- 
duction coil whose poles were oonneotod with the two 
spheres. In tliis way the whole process was ropontod 
many times, just as, in order to make more audible tho 
weak tone of a bell whose vibrations die down rapidly, 
we give it a rapid suooession of raps. 

So soon as the distance r of the point of tho field under 
consideration becomes of tho order (407) or of that of tho 
wave-length A the equations of tho quasi-stationary 
process lose their validity, and at distances whicli ai'o 
great compared with A only tho progressive spherical wave 
remains. This, of course, also holds for tho slowest 
vibrations, so that wo can say : in principle ever^ oleotro- 
magnetic field that varies in time and that is not out- 
wardly limited loses energy by radiation into inflnito 
space ; or, ex^^ressed in other words, in tho mutual trans- 
formations of electric and magnetic energy which are 
associated "with every electrical vibration the exchange 
never occurs without a loss ; rather, a smaller or a greater 
amount of energy always escapes into outer spaoo, 

§ 90. It is easy to calculate the amount of energy 
transported outwards by the sphorioal waves (406) in any 
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interval of time. To do this most conveniently we nso 
the value (406) for the oleotrio or the magnetic field- 
strength respectively. By (6) and (26) the energy which 
flows outwards in the time cU through a surfaco-olomont 
da of the spherical wave is then : 


1 ^ 




. da . dt 


. (408) 


and, if wo intograto over the whole surface of the spherical 
wave, wo obtain for the total energy emitted in tho element 
of time dl tho positive amount : 

.... (409) 


Consequently wo have for the mean value of tho energy 
emitted per unit of time in a periodic or nearly periodic 
vibration j 



(410) 


which is indepondont of space and time. 

According to tho energy p].’inci]fio this continual loss of 
energy requires to bo oomponsatod for, if tho vibration is 
to bo oomplotoly periodic, by tho continual supply of 
energy to tho source of vibration since, if such a supi)ly 
is not available, the vibrations will booome damped : tho 
latter damping is called “ radiation damping ” to dis- 
tinguish it from tho damping caused by the generation of 
the Joule heat, to which it becomes added. 

Thus for a periodically vibrating oleotrio dipole the 
inoniont /(/) is of tho form ; 

f{L) = i! . Co ■ cos ^TTvi .... (411) 

^vl^oro I denotes the oonstant distanco lootwoon tiro tAVo 
polos, and Cq the initial ohargo on a ];iolo. By (370) the 
froquonoy v is to bo oaloulatod from tlio capacity G and tho 
soH-induotion L, Tho energy W of tho vibration is 
oonstant, and by (374) is equal to : 

V - 1 .... (412) 
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Tlio energy radia-fcod oirfc in the time of 


obtained by integrating (409) from i to / + 


■ 3c3 


1‘^e, 


a vibration is 
which gives : 

. . . (41U) 


that is, an expression which is inversely proportional to 
the third power of the wave-length A. 

^ If this amount of energy is not continually replaced the 
vibrations become damped, the decrement of the damped 
vibrations being determined by the decrease in the energy 
of vibration in the course of a vibration : 


or, by (412) : 


- Ah 


3c3 ^ 


A q — _ ^TT^v l^ 

13 Q 3oA 


(414) 


^ If the damping is weak this expression is at the same 
time the Ibgarithmio clooroment of the onei’gy, that is, 
the natural logarithm of the ratio A’q : E^. Since the 
energy is proportional to the stjuaro of the amplitude, 
it follows from this that the logarithmic deoroment of 
damping of the amplitude cr is half the preceding value, 
that is : 


3cA 

or, by (379) and (407a) : 

WGP- 

3A3 


(416) 


(416a)' 


111 the Fedderson vibrations the radiation deoromont cr 
is extremely small, but in the Hertzian vibrations it 
already attains to the order of magnitude of the damping 
ofCootod by the rosistanoo of the oondiiotors, and in the 
case of still more rapid vibrations it alone plays the 
decisive part. 

§ 91. The solution of the field-equations which was 
considered in § 88 and which referred to a vibrating 
eleotrio dipole holds not only for an element of an osoillat- 
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iiig conduction current but also for the rectilinear vibra- 
tions of an olootrically insulated charged point-mass (ion 
or electron) about a position of equilibrium at which a 
charge of opposite sign is situated. For since by § 81 
an electric convection current has the same magnetic 
properties as the conduction current defined by (363) : 

J.l = e.q=f{t) .... (416) 

wlioro e denotes the constant charge and q the variable 
velocity ; the surrounding olootromagnetic field is the same 
in both cases. Accordingly, by (410), the energy emitted 
per unit of time by an oscillating ion is : 



To calculate the radiation damping from this wo must 
boar in mind that the energy of the vibration in question 
is in general both moohaiiioal (kinetic and potential) and 
eleotromagnotio. '’.riie former has its seat in the moving 
inertial mass and in the elastic force that aots on it, 
the latter in the surrounding olectromagnetio field. In 
passing thi’ough the position of equilibrium, for which by 
oui; assumption tlio olootric field vanishes, the velocity q 
assumes its maximum value ; then there is only 
kiiiotio and magnetic energy. Since both of those are 
])ro]]ortional to the square of the velocity — this is so in 
the case of tho magnetic energy on account of (416)— they 
may bo combined into a siiiglo term : 

E (418) 

whore tho constant factor m is called tho “ effective ” 
inertial mass of tho ioir. It consists of a meolianioal 
component, which is .directly given, and an electrical 
component which is to bo caloulatod from tho magnetic 
field of tho moving ioir. An electron possesses only 
olectromagnetio mass. 

If V again denotes tho frequency, then q is of tho form ; 
q “ ffinux. ■ cos (27rW + 0) 
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and : 

^ = (410) 

and iiencG the logarithmic decrement of the energy is, 
by (417) and (418) : 


A’fl “ Stt^V 

-2?o “"3^ 


and the logarithmic decrement of the amplitude is half 
this quantity, namely : 


~ 3c^m 


(420) 


If m is entirely electromagnetic by nature, comparison 
■with (415) gives : 




for the rolationsliijp betv'eon the eleotromagnotio mass of 
a moving oleotrio oliarge e for which its elootromagiiGtioally 
equivalent ourrent-olenioiit of length I has the oooihoient 
of solf-iiiduotion L, 

Tliia can also be deduced clirootly by comparing the two 
expressions for the magnetic energy : 

1 Tj yn 1 g 

ill aooordanoo with (416). 

In physical nature it is not possible to exhibit an 
essential difference between, meohanioal and electro - 
magnetio inertia, so it appears justifiable to make the 
simplifying hypothesis that every kind of inertia is of 
eleotromagnotio origin. 

§ 92. To tost the form of the fuiiotion f{t), which is 
oharaotoristio for the spherioal wavo'(406) and, inpartioular, 
to investigate its periodicity the simplest method is to 
allow tho wave to be rofleoted by a mirror. Eor in the case 
of a singly periodic wave stationary vibrations are then 
formed (II, § 40) and the periodicity is spread out in space 
in the nodes and loops, whereas in the case of a progressive 
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wave no point in space is favoured beyond the rest. Since 
it is not necessary to use the ■whole spherical wave in such 
an investigation it is advantageous to select from the 
sjDherioal wave a portion which is so small compared with 
tho radius r that the wave can bo treated as plane in this 
part. Nevertheless, on account of (404) tho dimensions of 
this wavo-idano can still be great compared with the 
wave-length A. 

Wo derive tho laws for tho 'jn'opagation of a plane wave 
most simply and directly from the equations (392) and 
(394), by using a particular solution of (395) for which 
again Zx - 0 and Zy = 0, say, while Zz depends only on 
X and t. If wo again assume q = c this leads to : 


d^Zz 2 d^Zz 

w “ " W ' 


(422) 


and by II (167) tho general integral of this equation is : 

., 5 )., . 4 - 2 ). . . ( 423 ) 

Tliis gives tho following values for the fiold-aoinponents : 
Mx « 0, JHy - 0. Ez - f{t +“) + (/ 0 “ f) 

Ih « 0, Jly - f(i -1- 1) - £/ (^ - z)> ® 

whore wo have used tho abbreviations : 


I'lence wo hero have two waves which are in general 
indopondont of each other and which propagate themselves 
in s]moo with the velocity o in tho directions of the positive 

and tho negative (c-axis. 

Wo shall now assume sjiaco to bo limited by the plane 
a; = 0, so that it is restricted to positive values of a;. Let 
tho space corresponding to negative values of a; be filled 
by a Bubstanoo of infinitely great conductivity ic, a so- 
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(iiilliid " ” t»r ” jH'i-rtMd. ” tMMuliirjiir. wltii-li in 

n'pn'HontiMl to ii nf anjunxiiiiiilion liy 

]>i'a(tti(ially all ituMaln. 'I'liiai. an \\t* .hIuiII h’i*. |)u> |iliini< 
X • 0 aaLM lilta a jjarn-ally n'llrntijij^ mirjnr lovuinD mi 
ol('(!trmnagiiiiMit wavn that falln iin il fnuu air Njmrr.* 

I'\)i' in a |»*rf('{tl. I'niulualiU', mIih'i* lln* run'i’iil thaiNily 
./ lil' (fiuuKil inmnilily lnM-nnu* inliiii|«'ly ymtl, ilm 
olaatrio Inic^nMily nf liold H and Ih’Iiw itiNii Du* .liailr lii*at, 
«/i’''^ai'o lUuu'HMiirily /.(’rn in'i'iywIiiaH*. and hlin'i* ari’Mi'dinj' (n 
thn giMH'ral ('Inatrinniimudin litnindary nindilimm (H) Die 
iloldnicimjHJiunit al. Uin hnnmlary x Inm Un* Nina* 
valiio in linDi nu'dia, /■;> in alnn alwayM nijiml hi zprn in 
air Hpado for a- 0. and hu liy (-I2'ln) ; 

/(O I till) " 

Ih valid fnr all ]inMil,lvp and iu‘)j;alivi' valnns nf llm argninnnl 
1 . Kmm tliia il uIkii hnnu'iliali'ly fnllnwH Dial : 

and hniKin llin lln]d.'(u|iiaUnnN (’l^'l) hiHaunn : 

''■ /(' I ;!') /(« ;■) • • ■ 

I ;0 1 /(' ;') ■ ■ ■ 

,l[ II wiivii/(( |. j Ilf arliitii'iH'y fiinii wliitili tiniii™ mil. nt 

air HpadLi and advaiua’H in Ihn in'i^aUvn .r ilinTtiun falU nn 
llin Hurfiuin ;r > 0 of iho dondnahir, il Ik i!cini|ilnhdy rn 
liiHitud in tlio tippoHiki <lii‘n(i(.inn, llin nltadrin inlnnaily nf 
iinld willi a nngaiivu and tlin magnntin iuU'imily nf lUdil 
wilh a [lOHlUvn Hign. 
if llin wavn ia aingly jiDi'iodin ; 

/(/) ^' fKuiH (w/ i tf) . , . . 

^ Tim rniwcm for inlroduaing I Ium torm will Iw (wuii luitM’i 

Ol. [Il Zii h 



III. 


DYNAMICAL PROCESSES 


219 


and from (425) wo got the following expressions for the 
fiold-strongths : 


= — 2a sin^sin (wH- 0) . ■ (427) 

J/y — 2a oos — cos (a)f + 0) . . . (428) 

c 

'!ldioy ropi’oaont a stationary wave with eq_uidistant 
nodos and loops. Sinoo tho length of the progressive 

wave is — = A, tho nodes of tho electric intensity of 

field are at : 






and those of tho magnetic intensity of field are at : 

A 3A 5A 

^"4’T’ 4’ ■ ■ * 

Sinoo tho first waves produced by Hertz were over 
1 metro long it was easy to separate tho nodes and anti- 
nodes (or loops) in them. 

§ 93. '’.rhoro is one point which is a little unsatisfactory 
in tho abovo method of deriving tho laws of reflection of 
a periodic wave at tho surface of a perfect conductor. It 
is tlio oiroumstanoo that tho tangential component of tho 
magnetic intensity of field Xly is continuous at the bound- 
ing surface a; = o' of tho poidoot conductor according to 
tho gonoral boundary condition (11) and that hence it 
does not vanish at this point in the conductor nor in air 
spaco but rather, by (428), has a maximum amplitude, 
and so magnetic vihiutions take place oven ^ iiiside the 
oonduotor Avlioreas on tho other hand tho olootric intensity 
of fiold is ovorywhoro zero there according to our assump- 

We can shod some light on this apparent contradiction 
if we assume the conductivity i< of the conduotor to be 
not infinitely groat. We then have the more general 
case whore tho inoideiit wave is not completely reflected 
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but penetrates partly into the conducting substance. 
Hence we must also set up the field-equations for the 
latter, that is, for a; < 0. Eor simplicity we shall 
assume for the conductor as for air space that e — 1, 
[M = 1. By (21) and (384) the equation of telegraphy then 
reduces to : 

Z + 4.TTKZ = 

or, if wo again assume that Z* = 0, Zy 
depends only on x and i : 

Z. + imeZ, - . 

This differential equation can be integrated by jnoans of 
ail exponential function. For if we set : 

Z. - 5") (430) 

where wo assume tlio constant w, the froquenoy, to bo 
real, since wo aro dealing with a process whioli is periodic 
ill time, whereas the constant p can bo complex. TIio 
equation (420) is then satisfied if wo sot 5 


— 0, and that Ze 
. . . (429) 



-- H- dme . iw =s . , , (431) 

We shall now introduoo a oonsidorablo simplifioation 
which is permissible for our purpose; it consists in 
assuming k to be not infinitely groat but only great com- 
pared with the frequency co. The last equation then 
becomes : 


|‘^Tn(i /27r/c ,, l^iTTic 


The root is to bo taken positive since Zg cannot booomo 
infinite for x — — oo . For the field-intensities in the 
conductor we get from (392) and (393), inserting a complex 
constant G : 


Ei = G .e ^ ° ' . 

Ily 5= — %pG . e ' 0 ' 


(433) 

(434) 
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wliioh can be more simply derived, directly from the field- 
eqriation : 

dny_ dEi 
dt ~ dx‘ 

On the other hand wo correspondingly obtain for tlie 
fiold-intonaitics in siiaoo tho following particular solution 
from (424) : 

B.- = -h . . . (430) 

- jSc“'<‘'9 , . . (436) 

At tho boundary a; = 0 and Ily are continuous, 
honco : 

G A -[• B and — ipG — A — B. 

Fi,’om this wo got, if A is arbitrarily given j 

a „ = J (1 + i) /I = 8 V2 ■ (438) 

i — Ip V 2m< ^ 

in whioh wo havo sot tho small positive quantity : 

as an abbi’oviation. 

Wo can now immodiatoly derive a real solution of tho 
problem from tho oomplox solution so found if wo re- 
oolloot that both tho riold-oq,uations and also the boimdary 
oonditions aro linear and homogeneous with respect to tho 
liold-strongths. For since tho above complex expressions 
satisfy all tho oonditions in the interior and at tho 
boundary, so also do tho real part and tho purely imaginary 
part taken alono. Honco wo need only take tho real part 
of all tho oxj)ressions to obtain a real solution whioh 
satishes all tho oonditions of tho ]n'oblom. If we also 
sot the initially arbitrarily given oomplox constant : 

(^ 39 ) 
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then the following real quantities result from (435) and 
(436) in the manner given for air space : 

ISa = a cos|a)^i — ( 1 — 8)fl cos | aj(t " “ S -h (440) 

J/y=fficos|£o^i+^^+0| + (l--S)acos|a»(^^“"^ — (441) 
and from (433) and (434) we get for the conductor : 

E, = 8V2 • a ■ oos|aj(i + £) + ^ -h * (^*^^2) 

Jfy = 2a • cos|aj(i -h ' ' {'I-h3) 

The fact that the preceding expressions actually satisfy 
all the conditions in the interior and at the boundary 
of the media can of course bo verified subsequently by 
substitution in the field equations. 

Tims our problem of determining the reflection of tlio 
incident wave (426) when the conductor has a finite con- 
ductivity which is great oompai’ed with the frequency to 
is solved. For k => ec or 8 = 0 we of course again 
arrive at the formulae (427) and (428) which hold for 
reflection from a perfect conductor. A finite le, on the 
other hand, eifocts a slight change both in the amplitude 
and also in the j)hase of the reflected wave. 

This also explains the peculiar circumstance, mentioned 
at the beginning of this section, that within the conductor 
finite magnetic vibrations occur whereas the electric field- 
strength ill the conductor is vanishingly small. Actually, JS 
is small compared with TI everywhere in the conductor, 
and this is made possible by the fact that the field- 
strengths change very rapidly with the distance .t; from 
the boundary surface. For even at the distance of a 
single wave-length x = A the field-strength has dro]iped, 

on account of the great value of the exponent ^ 

to a very small fraction of its value at the boundary. 
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The wave penetrates the more deeply into the conductor 
the smaller the frequency w and the smaller the con- 
ductivity i(. 

Let us now glance at the energy conditions, which offer 
themselves most readily to measurement. The amount 
of energy tliat falls in unit time on unit area of the 
houndary or tluit starts out from it is given by Poynting’s 
theorem as : 

-~l EJIydt 

47rJo 

if we set a; — 0 in it. 

C 0^^ 

Tills gives, if wo disregard the common factor 


for tlio incident wave, for the reflected wave, 

for the wave that penetrates into the conductor. 
Tlio algebraic sum of these three expressions vanishes, as 
it should do. The last of them is identical with tlie 
energy transformed into Joule heat inside the conductor. 

The ratio of the rollooted and the transmitted energy 
to the incident energy is called, the rofleotivo and the 
absorjitivo power, respootivoly, of tlio substance for normal 
inoidenoo. , By the above their values are 1 — 28 and 28. 
Accurate measurements by 10. Hagen and H. Rubons 
(1003) for the case of infra-red waves of light have shown 
that the theory agrees exactly with experimont. The 
above theory ioscs its signiflcanco, however, for short 
wave-lengths because then tho distribution of matter in 
tho eonduotor may no longer bo assumed to bo continuous. 

§ 94. An electromagnetic wave which is incident from 
air space into a refleoting or an absorbing body exerts a 
mechanical action on it. Wo shall caloulato this edoct 
for tho case of normal reflection at a conductor, as above 
considered. Eor this purpose we shall consider a^ cylin- 
drical portion of the eonductor, whose base is unit area 
of tho surface of tho conductor (a’ = 0) and whoso height 
is assumed to bo so groat that the flold comiionenta 
vanish at the other end. Then, by § 44, mechanical 
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pressures of electrical origin act on the wliole surface of 
this cylinder, and their resultant reduces to the jirossiire 
on the base, where, by (231), the pressure-components 
amount to : 




(444) 


Xy - 7. - = 0 J 

Now since the inward normal of the surface of the body 
is equal to — x, the required meolianical force becomes, 
by II (74) : 


X. = - fi, T. = 0, Z, = 0. 

OTT 


By § 46, a mechanical force of magnetic origin is to bo 
added to this, which correspondingly runs : 

z, = ~ y, = 0, z, = 0 


SO that the total meolianical force tliat aots on tho oylinclor 
assumes the value : 



-H IV 
Stt ’ 



0, Zy 


0 . 


(445) 


It aots in the negative dii’oction of the oj-axis, from air 
space into the conductor, and this represents a pressure, 
which is called the “radiation pressuro,” It is equal in 
amount to the volume energy-density of tho x-adiation 
present in air space, the incident and tho reflected waves 
being added together. Tho less a substance reflects tho 
smaller is tho radiation pressure exerted on it by an 
incident wave. 


^ § 96. We shall close this chaj)ter by considering a par- 
ticular solution of the field-equations which corresponds 
to the case where tho electromagnetic waves do not pro- 
pagate themselves spherically in all directions of space 
but progress in a perfectly definite direotion along parallel 
wires (Lecher’s apparatus). Eor this purpose we integrate 
the wave-equation (396) with <? = o hy setting : 

Zx = 0,Zu = 0,2;,==F(x,y,t-~y . (440) 
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whoro wo assume that the variables z and t occur only in 

the combination t — . 

c 

IMio wavo-oc[uation thou reduces to : 


d^ip 0 ^ _ 
W hf “ 


(447) 


and, by (1107) and (398) tho field-components become : 

~ “ 0 feSj’ “ “ jpi’ ' “ “ ■ 


__ 

” c 0//0«’ "" “ 


0 0.1:0^ 


ylh = 0 . 


(449) 


If for abbreviation wo sot : 


wo have : 
and ; 


10^ 

c dt 




dx^ ^ 0]/® 


aa 


0 . 


Ex n= 



Jlyf E^ 



(460) 

(461) 

(462) 


‘‘.L'liis is oxaotly tho same as tho form of tho equations 
for a stationiu'y irrotational {mrhelfrei) motion of an in- 
oomprossiblo liquid (11, § 06), with the velocity j)otential 
(f), in the aiy-plano or in a’plano parallel to it. The stream- 
lines correspond to the electric linos of force, the lines of 
constant velocity-potential, <() =■ const., correspond to the 
magnetic linos of force, which are porpondicular to the 
olectrio linos of force. But there is one fundamental 
difCoronce in that here the function 0 depends on tho 

parameter i - ^ and, moreover, in a perfectly arbitrary 

manner, so that tho olootromagnetic field for a definite « 
is not stationary but displaces itself unchanged in the 
clirootion of increasing z with the velocity c. ^ 

Lot us now turn to tlie boundary conditions. If ah 

Q 
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arbitrary number of cylindrical ^^'iros, which wo shall 
regard as perfect conductors, are held stretched in air 
parallel to the z-axis then, according to the boundary 
conditions {§ 92) that hold for a perfect conductor the 
electric lines of force are everywhere parallel to tho xy- 
plane and end perpendicularly to tho cross-sections of 
the wires, whereas the magnetic lines of force consequently 
coincide at the boundary with tho edges of tho cross- 
sections. In the analogy of fluid motion every cross- 
section thus represents a plane “ source ” or “ sink ” 
according as tlie cross-section is positively or negatively 
charged. Of course, corresj)onding to every positive 
charge, which is tho beginning of a lino of force, there 
is an equally great negative charge, v'hich is tho end 
of the line of force. This does not exclude tiro possibility 
of lines of force running off to infinity, as, for example, 
when only one wire is present. Wo can then, oonsidor 
the whole wire to be enclosed in a condiioting holloiv 
cylinder of very great crosa-sootion which hocomoa 
correspondingly ohoi’ged. 

If the plane field now displaces itself along tlio g-axis 
then, in a definite plane parallel to tho fyy-plnno, the 
charges of the cross-sootions and, corrosiionciingly, tho 
positions of the lines of force change in a manner wliich 
is determined by the dependence of tlio function tj> on tho 

argument i — ^ and which ultimately depends on tho 

form of tlie electric vibration which is transmitted into 
the system of conductors. 

The field-strengths are alwa 3 ’'s greatest in tho neigh- 
bourhood of the wires. Hence the stream of electro- 
magnetic energy travels mainly along the wires and ^vo 
may say that a conductor which stretches to a groat 
distance has the property of concentrating in its immo- 
late vicinity a wave which is progressing in its direction, 
ihis also explains why wireless waves do not become lost 
m space but follow the surface-curvature of tho conducting 
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Instofid ol iiBiug the above analogy of flow we can also 
imo, by a well-known theorem in hydrodynamics (II, § C6), 
a cliflerent model, which is to some extent the reverse, to 
])iotnro the tfleetromagnetie field, namely by interchanging 
tho stream-lines and the eiinipotential lines. The eqiii- 
potential lines tlioii begin and end in a normal direction 
on the cross-sections of tho wire while tho stream-lines 
(Mieirele tho eross-Hoetions, and tlio wires ropresont cylin- 
drieally shajied vortex iilamonta, in which, however, every 
crosfl-seetion has its own x)articular vortex-moment {Wir- 

helmoment) determined by tho argument t — If, for 

oxami)lo, wo luivo only two parallel v'iros of infinitely 
small croHS-aootion, wo got tlio pioturo of two parallel 
vortox fdamontfi. 'The oloetrio linos of forco (oquipotontial 
linos) in any ])lano porpondienhvj.’ to them are tlio ciroloa 
which pass through tlio two points of iutorsootion with 
tho v'iroH, and tlio magnotio iiiios of forco (tho stream- 
linos) aro tho oirelos whieli aro porpondicular to thorn 
and which cnit tho straight lino joining tho two points 
harmonically. Cf. IT, ^ *70, whoro tho formulao ro- 
fori'ing to this ])ro'blom ai’o dori.vGd. 'Tho charges on 
tho v'ircH ohango with the time but at ovory momont 
they aro o(pial and optioaito at 0 ])poaito iioints on tho 
wires. 

To find tho form of tho wave, that is, tho dopoudeiico 

of tho wavo-function IP on tho^argumont 

make uso of tho samo dovioo as for free waves, namely 
transform tho progrossivo wavo hy oomploto reflection 
into a stationary wavo . '.I'his is aecomplishocl most simifly 
by oonnocting the oi’oss-soetions of tho w.iro in any arbi- 
Orai’ily ohoson piano z by moans of a iierfcct conductor, 
that is, by forming a hridgo. Under tho conditions that 
hero obtain in this ])lano no electric lino of forco is 
possible, that is, 73 « 0. Tho whole piano bohaves as if 
it woro an absolnto conductor, irhis boundary condition 
is satisfied if wo assumo bosidos the wave F advancing in 
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the positive direction of % also a reflected v'-avo G, and 
hence replace (446) by : 

By (397) and (398) tho lield-compononts tlion bocomo : 
c dxdl 

„_i0«(j + e) „ mF + G) „ „ 

~ c ~s^’ »» = - ? "• “ ° 

If we set 2 = 0 for tho bridge, the boundary condition 
runs : 

y, t) - Q{x, y,t)=^Q 

which holds for all values of y and 1. Eroin this it 
follows generally that : 

2/, ^ + ?) = 2/, i -H I) 

Z, » 2/* « “ ^) + 2/. ^ -h f) • im 

If the wave 3P is periodio with rospoot to /, wo got 
from this, as in § 92, a stationary wave with nodes and 
anti-nodes at regular distances. In the plane of i;hG 
bridge and in every parallel plane whose distance from it 

is an integral multiple of ~ the electric force has a node 

and the magnetic force an anti-node. In such a plane 
there are no electric but only magnetic lines of force ; 
these hues are circular and embrace both wires. I'ho 
maximum fluctuations or tho anti-nodes of the ouiTont 
flowing in the wires correspond to them. If wo connoot 

the two wh-es here by a conductor nothing is altered in 
the phenomenon. 

Between every two adjacent nodal planes of the eleotrio 

hZ force. 

Here the field is purely eleotrio, the lines of force run 


and hence : 
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a-ltoriiately from ono wire to the other, according as the 
charge changes, -while tho current-strength in the wires is 
permanently zero, which is fully analogous to the state 
of affairs at tlio node of a stationary air-wave, where the 
density of tho air fluctuates to and fro from one maximum 
to another while tho velocity of tho air is always zero. 
iSo soon as a sensitive conductor, such as a Geissler tube, 
is inserted in tho circuit at this point it renders manifest 
tho electric potential between tho wires by some reaction 
such as glowing, and this causes a more or less consider- 
ablo disturbance in tho phenomenon. 



CHAPTER IV 


DYNAIVIICAL PROCESSES IN MOVING BODIES. 

LIMITS OE THE ELECTRODYNAMICS OJ)’ 
MAXTOLL AND HER-J^Z 

§ 96. Now that wo have dealt with the clifUoront sjiooial 
applications of the theory it remains for ns to establish 
the fundamental eq^uations for arbitrary dynamical pro- 
cesses in bodies moving in any way whataoovor, which 
constitutes the highest and ultimato goal of tho prosont 
introduction to eleotrodynamios. It is obvious that 
these equations must contain as special oases all tho laws 
obtained earlier both for bodies at rest as ^voU as for 
quasi-stationary processes in moving bodies. Wo shall 
also seize the present opportunity to introduoo a gonoral- 
ization of another kind by taking into oonsidG].'ation not 
only, as hitherto, homogeneous and isotropic bodies, but 
also non-homogeneous and anisotropio substances. A 
further very particular advantage accrues fi’om this, 
namely all tho boundary conditions can bo comi^lotoly 
dispensed with, as the following simple argument shows. 

So long as we restrict ourselves to homogoneoua sub- 
stances wo have to assume an abrupt transition at the 
boundary of two substances and have oonsoquontly to 
consider the question of continuity for every quantity 
that comes into account, as we actually did every whoro 
in the preceding chapters. But as soon as the equations 
^tabhshed are also vaUd for non-homogeneous substances 
It IS permissible to assume that tho transition from one 
homogeneous substance to another does not occur abruptly 
hrough a surface, but continuously through a volume 
layer of small but finite thiotaess, and every discontinuity 
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in tho plionoinona that occur in the substances vanishes 
together with the discontinuities in the substances. Hence 
wo now consider all constants and variables as continuous 
in spaoo and time. Consequently the concept of the 
density h of surface ohargo lap.sos, and also that, <7, of 
tho elcotrioal double-layer. 'J'hoso quantities are replaced 
by tho space ohargo-densiby h in the transitional layer 
botween two substances, as was discussed, for example, 
on an earlier occasion in § 29 . 

There is, howovor, 0110 important assumption which wo 
7}iusl and shall maintain in the sequel if we are to be able 
to carry to its conclusion tho theory here being developed. 
This assumption is that tho space occupied by matter 
must everywhere bo occupied by it perfectly continu- 
ously, otherwise wo sliall not bo able to maintain the 
Qontiniiiby of tho procossos in space. Tho velocity of 
moving masses is also to be assumed as continuous 
throughout ; for example, whonevor two bodies glide over 
each other along their surface of contact this motion can 
bo replaced by a continuous transition of the tangential 
velocity through a thin boundary layer which then of 
oourso becomes correspondingly deformed. 

This assumption also has a bearing on the fact that 
there can bo no absolute boundary to a body and hence 
also no absolute vacuum. Eor at such a boundary the 
Yclooity of the moving mass would experience a sudden 
change or ratho].’ would suddenly lose all meaning. 
Instead, wo must imagine that oven the most highly 
evacuated spaces still contain matter, as^ is actually the 
ease, and, further, that this matter, this roinaindor 0 
gas, oooupies space continuously and moves with a 
velocity whioli links up oontinuously with tho velocity of 
tho walls of tho oontaining vessel. It is true that this 
last point, which is of essential importance for the eleotm- 
dyimmics of Maxwell and Hertz, has shown itself to bo 
fateful for its furtlio].* dovolopmont, in view of the tact 
that auoh small vestiges of gas are of no impoidance tor 
the propagation of oieotromagnotic waves (§ 7 ). 
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§ 97. We shall arrive at oiir goal most otiBily if wo 
first seek that form of the field-equatioiis, in which no 
quantities that refer to the special natiire of tho inatorial 
substances, such as dielectric constant, oondiictiivity and 
so forth, occur. This has already been done for stationary 
bo(hes in the equations (31), which contain tlio generally 
valid laws of field-vectors, whereas the more special lav's, 
including those characteristic of non-hoinogonoity and 
anisotropy, appear to be transplanted into tho individual 
relationships between field-intensity and indnotion or 
current-strength, respectively. The problem now is to 
pneralize these laws, expressed in (31), to bodies moving 
m any way whatsoever by retaining the relationships, 
which hold for stationary bodies, for tho individual 
relationships as expressed by (28), (29) and (30). Wo 
shall use as our guiding idea the theorem, whioh immo- 
c a © y suggests itself and whioh has been oonfix’mod by 
the results obtoed in the preceding ohaptor, that in 
sufficiently mall regions of apace every process may be 
rega/rded as guasi-staUonm'y. To formulate this law wo 
oan, as always, use either the integral or tho difforentinl 
fom aooortog to our requiraments. Wo shall first use 
ae former hare as it oan be more easily visualized and 
more oonvemently expressed. The oombiimtioii of tho 
relatiOM (347) and (348) then at once gives ns the rolation- 
sbp between magnetic induotion and olootrio intensity of 
held foi a small closed material curve : 

. . . (467) 

that is. the rate of change of the magnotio flux of indiio- 

matter or by a local change of the magnetic field is eaual 
gral of the electric intensity of field or nf flio 

: elcotao potential along the whole ou^e 

P .» >' .'V i - ' ' ' 


TV. 


DYNAMICAL PEOCLSSES 


233 


closed matorial curve. Dor if we have any material sur- 
face a bounded by such a oui’vo and resolve it into a 
groat number of small material parts of the surface then 
the relationship (467) holds for every single part and its 
boundary. If we now add together all these eq.uations 
wo immediately obtain on the left-hand side the flux of 
induction through the whole surface a, and on the right- 
hand side tho sum of the line-integrals reduces to a single 
line-integral which is to be taken along the boundary 
curve of c, as is clear if we observe that the sum of the 
lino -integrals contains every line-element dr Situated m the 
interior of o-, once with a positive and once with a negative 
sign beoauso the boundary dr is in each case to he taken 
in the sense corresponding to that of the surface normal v. 

Honoe (467) holds for any 
ourvfl. Tho shape of the surface a hormded l)y 
Is a matter of indlfteronoe since the magnetic flux 
indudtion does not depend on it. ^ form 

Wo shall now pass straight on S 

of tho rolationships between magnetic 
eleetrlo intensity of field to the 

to he able to oomparo the result with the difleiential 

oquation (316) for stationary bodies. 

l?or this purpose we shall fix'st transform ^ 
of the equate (467) into the form 
This is easily accomplished for the right 
applying Stokes’s Theorem : 

- oJjS. dr cj ■ . (« 8 ) 

whereas the time-difierential on the Wt-hand|^^^^ 

resolved into two parts ^ ® nhanse of the magnetic 
§ 79 : one part is due pf^ is 

field and is represented by ( . Y „ the magnetic 

caused by the motion of the “ ^o), 

field being kept constant, and its value is given y 

or, according to Stokes s Law, y • 


dt 


,l{oiirl[B,q])y'do 
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If we now make the surface a contract to a single 
surface-element and remenilDor that the direction of the 
normal v can he quite arbitrary, then 'vvo got from (457), 
using (458), (348a) and (459), the general relationship : 

B + curl [J5, rjf] = — c . curl B . . (460) 

which represents the required difEorontial form of tho 
relationship between magnetic induction and electric 
intensity of field.' For <; = 0 it iDasses over into tho 
difierential equation (316) for stationary bodies, as it 
should do ; in the general case it shows itself to bo fully 
identical with the equation (351a) already dorivod in 
§79. 

§ 98. We have next to deal with the relation, which is 
in a certain sense analogous, between electric induction 
and magnetic iirtensity of fielcl, that is, with tho gonoraliza- 
tion of the clifforeiitial equation (31a) for moving bodies. 
We again lii’st enquii’o into the integral form of this 
relationship. 

It might suggest itself to us at first sight that wo have 
a complete analogy and that we might equate tho rate of 
change of the eleotrio flux of induotion through a surfaoo 
o with the here positive value of the product of the critical 
velocity and the line-integral of tho magnetic intensity of 
field along the boundary curve of o-. But this is 'not 
feasible, because, in contrast with magnetic induction, 
the oleotric flux of induction through a surface cr dojiGiids 
not only on the boundary curve but also on the position 
of the surface otherwise, so that the cquivalenoo suggested 
would have no meaning. But it is just by taking into 
accomit this circumstance that we obtain the moans for 
obtaining the necessary generalizations. 

For let us consider the difiorenoe in the eleotrio flux of 
induction between two surfaces a and a' with their 
normals v and v' in the same direction and with tho same 
boundary curve : 

f D^.da' - . . . (461) 
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Then we immediately see from Pig. 12 that this difforonco 
is equal to the total flux of induction ouhvards from tio 
space hounded by the two ^ 

surfaooa, and hence hy (42) is 

equal to drr times the electric 
charge a enclosed in the space. 

Now if the material points 
whioh constitute the two sur- , . ^ 

faces move in any way and if, besides, the e ec r * g 

field changes in any way, it follows that . 



i'm. 12. 


d 

dt. 


] f (de 

jD,..dc‘.-jJl>,.ch = i^-j3i 


tvu J ' 

The quantity of electricity e enclosed in a space b ^ 

by material surfaces can, surface 

duction current passes into the interior t n g ‘ 
of the space, and for the present case we have, (U) 

Consequently, by combining 
equation and transposing terms, wo i 

Hence we see that it is not a 

oloctiio induction tat this 1'*”' jg entirely inde- 

involving the gic c for a deftmto 

pendent of the position gum of 

boundary curve. This ^ j,, foundation for the 

these two cfuantitios is an W' P MtabUsh. Honco 

The choice of the " “^Xd is^»f >“ *® ‘fjf' 

only condition that uu the left-hand nda 

f orentiation with respect to the tin. 
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of tlie oq[iiation tlio surfaoo a must ohunge in aooordanco 
with tliG motion of tho material points that lio in it. 

To follow up tho integral form again with tho difCerontial 
form wo adopt tho same process as that used in tho pre- 
ceding paragraph in tho case of magnetic induction, 
firstly, we have on tho right-hand side, just as in (458), 
hy Stokes’s Law : 

c . I (curl 7/), .da . . . (404) 

On tlie left-hand side tho expressions are a little more 
complicated than before. For in addition to tho two 
terms into which the time differential : 

d J I>,da (466) 

can be resolved, namely tho one which ia duo to the 
local charge of the electric field i 

dt.jjD,.da ( 466 ) 

and the other which is caused by tho motion of tho 
material boundary ourve : 

. J (curl [D, f^]), . £^ 0 - . . . (467) 

the eleotrio field being kept constant, we now have a third 
term, namely, the ohango in tho flux of induction through 
a, which is produced when, with the electric field constant 
and tho boundary curve fixed, tho material points which 
form tho surface a are displaced. To oaloulato it we may 
again use Fig. 1 2 if wo now take a' to stand for tho position 
of the surface at the time t - 1 - dt. The required quantity 
is then ; 

j Dyda' — J Dpda 

or, written as a space-integral : 

J div JO . dr. 
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Here the space-element dr is eq^ual to da . q,. dt, so 
that the expression is : 

dt . J div D . . da . . . . (408) 

Henoo the difierential (466) is represented by the sum 
of (466), (467) and (468). If we now proceed as in the 
pirooeding seotion, the differential law for the relationship 
"between the electric indnotion and magnetic field-strength 
follows from (463) in the form : 

i) + curl [JD, q] + div D . qr + IttJ = c . curl JX . (469) 

■which of course reduces to (31a) when g = 0. 

If "we recollect that hy (40) the cLuantity div D is equal 
to 47 r times the space charge-density ifc, it is clear that 
its product with q represents the oonveotion oiurent 
which, ns we have already seen in § 81, also exerts magnetic 
notions. The term involving ourl [iD, g] is called the 
Hantgen current ” as a reference to the first suoceaami 
demonstration of the magnetic actions of moving polariaod 


dielootrios. , , , , ^ 

§ 99. As we can see directly from the form ol the 

integral law (467) and (403), aooording to the theorj- oJ 
Maxwell and Hertz the relationelupB 
meohanloal and eleotromagiietio quantities ere wise 
dependent on the ohoioe o£ any particular »•»“ 
system, or in other words the fuu&meutol 04™“““ ^ 
the eleotrodynamio phenomena that “""J ' ^ 

bodies are invariant when passing to a co-ortaate system 

=t“d=STiheS»ri^^ 

direction of the a;-axis with any aroniiu^ 
fU). W© then have: 

!/ = !/’. . ( 470 ) 
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Now the first of the equations (469) rims : 

• , S(D,rQr|/ — Byqx) d{l)iqx — Dxqi) 

— 

+ ciivz,.,. + 4.j. = ».(|:'-^^) . («i) 

Since only the terms in Dx and qx become cliangod in tho 
assumed transformation, it is sulfioiont to consider thorn 
exclusively. Taken togetlier, these terms are : 


Dx + qx 

Now, by (470) : 
\dtJ^ 


dx 


- D, 


dqx_ 

Jy 


dqx 

W 


D 




• 0.D.A (dx 
dx'/Adt 


dx^'j 


i)x 


dDx 


(472) 


m- 


If we substitute this value as well as that for qx from 
(470) in (472) and observe that tho terms involving tho 
space differential coefficients of D and q I’emain invariant 
during tlie transformation, we got tho expression \ 


n _L BDx' 

•ux' + q X • 


_n n 


which proves tlio invaa'ianoe of (472) and hence also of 
(471). The invariance of tho other field-equations can 
be proved in a similar way. 

The physical significance of the invariant property just 
discussed clearly consists in tho fact that the oleotro- 
dynamic processes that occur in any arbitrary stationary 
body or ui any system of bodies moving in any -way 
undergo no change when a common motion for tho wholo 
system of bodies becomes supcr-impoaod on tho othor 
motions present. Hoiice'it is not possible to detect an 
absolute motion of the whole system by means of oloctro- 
dynamical measurements. This electrodynamio principle 

moohanioal 

praciple of relativity of GalUoi and Newton (I, § 60). 
Foi the latter demands mvarianoe only for uniform 
motions, whereas the invarianoe asserted here applies also 
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to ftuy accoloTatod motions and hence also to rotations, 
in Ro far as they leave the rolative motions within the 
ay.stom unchanged. I'he fact that the validity of the 
X)riiioiplo of relativity in nature has been confirmed in a 
great numhor of cases by the most refined methods of 
moasuromont that have hitherto been devised, gives 
strong suppoi'fc fo electrodynamics of Maxwell and 


Hortv,. 

§ 100. On the other hand there are certain facts which 
loavo na in no doubt that the theory of electrodynamics 
lioro given, Avhich -was initiated by Hertz and brought to 
ifca logical conclusion by Maxwell, is untenable for booies 
moving quite arbitrarily. To prove this it is fully 
sudioient to discuss the most striking case of all— and one 
Avhioh is in itself decisive— namely the propagation of 
oleotromagnetio Avavos in a moving rarefied gas. Accord- 
ing to tho theory of Maxwell and Hertz the olectromaguetio 
waves should, on account of the principle of relativity, be 
oonvootod along oomplotely hy tho gas, since for an 
obBoi-vor moving with the gas tho Avaves 

Bolvoa. according to *1“ Tat m 

ngroomont -with all oxporiraonts, m ]ust t w s 
for an observer at rert in the gae a rest. T “ 
roinain valid no matter how highly rarefied the gas may 
bo, whioh would correspond fully with the 
that no material properties of the 

tho fundamental eciuations of the Really 

that flold-intensity and inductirai ™ ^ ^ ‘jjven 
idontiflahle for gases 
. in tho state of highest rarefaction the g 

other, respectively, — \Tt t'o aotd w^vS. 

of tho '“I7V"teengly oonteadioted by 

This assertion, however, is ^ ^^eau in his 

reality, as has been ^ no question 

experiments AvithfloAvmgga ^ic waves by a 

of a complete convection ^aves in highly 

moving gas. es^sentiaUy independently of 

rarefied gases takes place essentia y 
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any motion of the gas. A weak influence makes itself 
remarked only when the gas is highly oompressod. Honoo 
if we wish to assign a particular substance as a carrier of 
the electromagnetic waves at all, this carrier at any rate 
behaves quite passively and independently as I’ogards 
the motions of rarefied gases. 

This circumstance can be expressed mathematically 
by saying that in the diSerential equation (400) the term 
involving q and the corresponding term in tlio difforontial 
equation (469) do not exist in reality for rarefied gases. 

The recognition of this fact, which, incidontally, is 
nothing other than a more rigorous formulation of tho 
theorem already indicated in § 7 that the last vestiges of 
gas in an evacuated space no longer exei^t an appreciable 
influence on the electromagnetic field, joroved that tho 
electrodynamics of Maxwell and BfertK was inadequate 
for moving bodies and that it required to bo fundamentally 
modified. 

§ 101. The solution of the difficulty that had boon 
encountered was given by H. A. Lorentz when ho sot iip 
his dectromagneUo theory of the staUonct/i'y eihev. TJio 
significant idea of this theory consists in the fact that it 
breaks radically with the assumption that space is con- 
tinuously occupied by matter, which was an essential 
feature of the electrodynamics of Maxwell and Hortss; 
this assumption was equivalent to the oomploto con- 
vection of the carrier of electromagnetic ofiects by matter. 
According to Lorentz’s electrodynamics there is only ono 
medium which fills the whole of space oontinuously and 
without leaving gaps and hence also penotratos thi’ough 
all material bodies, namely the ether. It is tho othor alono 
wliioh transmits all electrodynamical effects. Its state of 
motion is invariable, Hence it may bo regarded as at 
rest. Matter, on the other hand, consists of separato 
atoms which are disposed at greater or lesser distanoos 
from one another and which move as rigid or also as 
deformable bodies with the velocity q with respect to tho 
ether. They influence the eleotromagnetio field only in a 



DYNAMICAL PROCESSES 


241 


Bocondary manner, and, in fact, tlio interactions between 
the oleofcromagnotio hold and matter come about so e y 
heoauao matter contains and carries along with itse 
olcctric oliargos having the space density h. This does no 
oxolude the possibility that such electric charges, wlien 
restricted to vory small regions of space, separated from 
ono another, may ako occur outside of matter and move ot 
thomaolvos through tho ether. The free charges are now 
eallod olootrons to distinguish them from 
Accordingly tho conception of the eonduotiou ouuert 
hooomos oliminated altogether from ^ 

So olootric conduction is ossontially no mom " 
convection; tho carriers of the charge - 
aro tho ions and in metals they are the elections. 

Shreo r pmo other is identical with a pme vaonum 
both the dioteotrio constant in it '“‘J ^“2 in- 

pormeahllity are oq,ual to 1, the “d-stien^ Maxwell- 

aquations; _ cUvI/ = 0. . 

jS + i^fc.a = e.ourlXf, divB = fa*^ • ( > 

whoso groat simpUoity Tpowr ” In Lorentf s theory 
with thoir no less romaikable i permoabiUty 

tho dioloctric conefcant . th^^ 

,r lose the primary « dieloctrio and 

Maxwell-I-Iertz theory. .1 {tppoar expressed 

inagnotio (i ^lotions of the ions and the 

in terms of the position , . r gofelectriopolariza- 
olootrons in the bo^os, ^ i^iolecular currents (§ 63)- 
tion (§ 26) and the Ampton ^ 

Henco tho as abbreviated terms for very 

simple constants but r ^vliich emerge as certain 
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quantities. This oiroumstance does not, of course, 
hinder us from using the unmodiliocl B'laxwoU equations 
in all cases where £ and fj, are practically constant. 

In all these effects the following equation, U'hioli is 
obtained by combining (214) and (352). holds according to 
Lorentz’s tlieory for the moohanical force exerted by an 
electromagnetic field with field-strengths IS and II on a 
point-charge of electricity e in it moving with the velocity 


+ . . . . ( 474 .) 

Erora this equation we can derive all the pondoroinotivo 
actions between conductors and dioleotrics, magneto and 
currents, The results are found to agree satisfactorily 
■with those of experiment. 


§ 102. Although Lorontz’s theory of the stationary 
ether is brilliantly oonflrmodiu oleotrodynamioa.a ctiffloulty 
0 iundamontal^ importanoe aa’isos when wo enquire into 
the transformation of Lorontz’s equations for a oo-ordinato 
system wliioh is moving with respoot to tho other, For if 
we omit tte terms oiU'I[B, 5 ] and oiU'l[B,a] from tho 
Maxwell-Hertz equations tho very property of thoso 
equations^ booomos lost which, os wo have soon, for 
example, m (472), provides for their invarianoo with respoot 
to a motion of tho co-ordinate system and honoo is 
responsible for the vaUdity of the principle of relativity. 
It is m fact immediately evident that for an observer who 
IS movmg m the same direction through tho other as a 
tram of oleotromagnetic waves the velocity of propagation 

*0® t^an for a stationary 

should h “ f it 

should be possible to establish the velocity of tho motion 

of the observer by oleotromagnetic or optical means. 

earrM out'iuT* moasuremonts, such as thoso 

fXd to L 1 of Miohelson and Morley, 

«rthV™ ? ® of tiro 

IWrt To itTu™ ™lo»ity of propagation of 

ght. So It appeared for a time as if Lorontz’s equations 
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(473) and (474) were incompatible with the principle of 
relativity and as if the theory would be compelled to 
give np one of these two most valuable foundations of 
its structure in order to save at least the other. 

Einstein {Ann. J. Pliysih, p. 891, 1906), however, 
showed how it was possible to escape from this per- 
plexing dilemma by assorting that Lorentz’s equations 
of electrodynamics are just as completely invariant as the 
exact fundamental equations of mechanics for transforrna- 
tions from a stationary oo-ordmate system to one moving 
with uniform velocity with respect to it, but that we may 
not use Galilei’s transformation (I (194)) for this purpose. 
Instead, wo must use another transformation, the Lorentz 
transformation, which may be regarded as a generalization 
of tho former transformation since it becomes identical 
with it when c — ■>■«). This theorem not only effects 
agreement between Lorentz’s olootrodynamios and the 
principle of relativity, but also loads to a great number of 
other oonsequonoes, partioularly for mechanics, wliloli in 
faot strotoh far into tho realm of tho theory of knowledge 
and which in no ease whatsoever lead to a oontracliotion 
with the results of experiment, and have been many 
times confirmed, often in a striking manner. ^ ^ 

It is not possible for us to go further into Einstein s 
principle of relativity hero, as the purpose of this book is 
to servo as an introduction to tho theory of electricity. 
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COMPAKISON TABLE OF THE NUJIEBICAL VALUES OF VAETOUS QUANTITIES 
EEFEUBBD to DIFFEEENT systems of MEASUllEMENT 

meclmnlcnl autintlticB nncl those of energy (pondero- 
enorgy-denalty, energy-flux, heat), have tlio same 
prnotlcM syetoms liorc roprcsontod except for a factor of a power of ton In tho 


Quantity. 

Numerical 
Value In 
Gauss's 
Systoin 
§7. 

Dimensions 
In Gauss's 
System, 

Numerical 
Value In 
Lorentz's 
System of 
national 
Units 
§7. 

Numerical 
Value In 
Maxwell's 
Eloctro- 
mngnotio 
System 
§7. 

Numerical Value 
In the 

“ Practical ” 
System § 01. 

Electric Intensity of 
Field, § 2. 

B 

[o“*gV] 

B 

V'Jtt 

cB 

cB . 10-‘ 

Magnotio^rntonslty of 

n 


m 



Dieloctrlo Constant, 

§2. V 

e 

tl] 

e 



MBgnclio Formca- 
bllity. § 3, 

II 1 

11] 

fi 


II 

Quantity of Bloc- 
trlclty, § ll. 

H 

Ws-^} 



■‘10 nmpftro- 
secs, (Ooulomb) 

Space Density of 
Olinrgo, i 11, 

m 

[0*0*5“'] 

v'JtT. k 

% 

0 


Surface Density of 
Oliargo, 1 11, 

h 

[cr*o*s“‘] 


h 

0 

'^.0 

Elcotrlo Conduc- 
tivity, §n. 

H 

tS-‘] 

'IffN 

m 


Eloettio Induotloii, 
i 11. 

D 

[criolfi"'] 

D 

i 

D 

0 

f.io 

Alognotlo Induction, 

1 11. ’ 

a 

[a"*o*5'''] 


a 

B 

Electric Potoutinl 
(olootromotlvo 
force) 1 27. 

E 

[o*o*s“'] 


dE 

oE . 10-* volt 

Electric Intensity of 
Current, | 40. 

J 


V-if? . j 

' J 

0 

10 nmptro 

Elcotrlo Eoslstanco, 
|40. ’ 

to 

1 

10 

4jt 

0*10 

0 * 10 . 10-* oluii. 

Electric Capacity, 
§10. 

0 

[C] 

ilrC 


^•10* farads 

Induotanco, § 70. 

L 

10] 

L 

in 


L . 10-* henry 

"Work of a Current, 

§ 06. 

A 

tC*05-«] 

A 

BB 

A . 10-* watt- 
seconds Qoulo) 

Power of a Ourront, 
§05. 

A 

[C'OS-*] 

■ 

A 

A . 10-’ volt- 
nmp6ro (watt) 
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Action, Principle of Contiguous, 

1. 3 

Activity, 167 

Amp6i’o’8 molocular curronta, loa, 
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swimming rule, 161 
Anglo of nportuvo, 78 
Anti-nodoa, 219 
Anfpunht (roforenco-point), 44 
Axes of principal pressures, 110 

Ballistic galvanometer, 146 
Biot and Savavt’s Law, 161, 104 
Bound ohavgoB, 39 
Branch-points, 182 
“ Break " of ovivronb, 182 

Capacity of oonclonsor, 41 
Onusal action, 1 
Chains, open and closed, 80 
Ohai’go-momont, 143 
Coelnoionts of capacity, 64 
Conductivity, 120 
Ooncluotora, 28, 218 

of first and second olnss, 80 
Conservation of electricity, 27 
of energy, 1, 18 

Contact potential, 35, IZatsaq, 
Convection current, 191 
Coulomb’s law, 108, 117 
Ci-itieal velocity, 18, 140, 207 
Crystals, 23 
Current filament, 120 
strength, 127 

Damping, 213, 214 
Doflootion experiment, 1-0 
Density of oliargo, free and true, 
■ 60 

Diamagnetism, 90 
Dielectric constant, 9 
Differential law, 109 
Dilatation, electrical, 111 
Dimensions, 10 
Dipole, 71, 162, 212 
Discharges, 202 
Displacement current, lUo 
Divergence, 26, 27 


Double-layer, 77, 142 
moment of, 77 

Edge correction, 41 
Effectivo inertial mass of an ion, 
216 

Einstein, 243 
Electric field, 7 
induction, 27 
Electrical excitation, 27 
Electrochemical equivalent, 16U 
Eleotrodynamio actions, 166 
Electrolytes, 88-^2 
Electromngnatio flolci, lu 
Electron, 216 
mass of, 216 

Electrostatics, laws of, 34 

Elliptic oo-ordinatos, 104, lo* 
Energy, flux of, 12 
Energy-density, olootrlo, 17 

Faraday’s law, 168 
Fodcleraen, 214 _ nn-nj. 

Ferromngnotio substances, 00, u* 
Field, elootromngnotifl, 10 
homogeneous, 8, 10 
intensity of, 8, 10 
magnetic, 0 
Fizeau, 230 

Fleming’s Left Hand Law, 161 
Flux of energy, 12 
of induction, 28 
of magnetic induction, Ui 
of vector, total, 139 
Force, tubes and linos of, dS 
Foucault oiirronts, 100 
Free density of charge, 6U 
energy, 170 

Gnussinn system, 16, 109, 244 
Gauss’s equation, 28 
Gauss, unit, 120 _ . , 

vibration experiment ol, tee 
Geissler tube, 229 

Generalized co-ordinates, ou 
Gliding conductors, 109 
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INDEX 


Gravitational potentials, fictitious, 
44 


Hysteresis, 90 
Images, 57 

Incompressible liquid, 30 
Induced charges, 39 
electromotive force, 180 
Induction, 28, 30 
Inductivity, 181 
Influence, 30 
Infra-red waves, 223 
Insulators, 28 
Intensity of current, 127 
Ion, 216 

Irrotational motion, 226 
Joule heat, 20 


Kelvin’s formula, 202 
Kirchhoff’s law, 134 
Kohlrausoh and Weber, 144 


Lagrange fimotion, 170 

Maanotio field, 0 
due to linear conductor, 140 
induction, 20 
moment, 03 

Magnetism, positive and negative, 
120 

Magnetization, 08 
Magnetostatic field, 80 
strength of, 10 
Make’’ of current, 182 
Maxwell, 1, 2, 11, 281, 240 
Maxwell’s electromagnetic system, 

electrostatic system, 17 
fundamental equations, 22 
integration of, 26 
Mechanical action of electromag- 
netic waves, 223 

Miohelson-Morley experiment, 242 
Mioro-farad, 140 


Heutral zone, 42 
Howton, 238 

Howton’s third law, 113, 162 
Nodes, 219 


Ohm’s law, 128, 130, 181 
Orthogonal substitutions, 61, 66 
Oscillations, 202 

■Panzergalvanometer, 103 
Parallel oiurents, 167 


Paramagnetism, 00 
Poltior heat, 168 
Perfect conductors, 28 
Periodic vibrations, 211 
Plano conclonsor, 40 
Polarization, vootov of, 72 
Ponderomobivo notions, 104, 117, 
101 

Potential duo to small disc, 40 
“jumps,” 79, 83 
of circular doublo-layor, 80 
Power, 167 
Practical system, 18 
Principle of rolntivity, 102, 238 

Quasi-stationl fields, 100 
Quasi-stationary processes, 170, 
232 

Radiation damping, 213 
Reflection, 218 
Reflootivo power, 223 
Rofmetod linos of force, 43 
Relativity, Principle of, 102, 238 
Relaxation, time of, 20 
Resistanoo, 127 
Rigid magnois, 04, 06 
ROntgon ourront, 287 
Rowland ofToot, 101 

Saturation limit, 04 
Somoning action, 80 
Self-induction, 181, 2IQ 
Self-potential, 106 
Shelf (doublo-layor), 142 
Singular lino of force, 41 
Skin effect, 190 

Soap^bubblo, expansion of, 111 , 

Solid nnglo, 78 
Sources and sinks, 220 
Space co-ordinates, 69 
Space-currents, 149 
Space-divergenco, 27 
Specific electric oonduotivity, 28 
resistance, 128 

Sphere, field due to hollow, 00 
Statical states, 33 
Stationary olootromagnotio fields, 
123 

Stokes’s theorem, 137, 144, 233 

Straight linear conductor, 169 
Surface-density, 27 
Surface divergence, 27 
Susceptibility, electric, 72 
magnetic, 93 

Systems of conductors, 68 
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Table of units, 244 
Tangential components, continu- 
ity of, 16 

Telogmpli wires, 133 
Temporary inngnotisin and in- 
duction, 04, 100 

Tensor of olootrio pressure or 
potential, 114 
Theories, dofinitonoss of, 2 
Thomson’s guard-ring, 111, 140 
Tinio of relaxation, 20 
Total enorgy in eloctroinagnotic 
Hold, 111) 

Transformation of co-ordinates, 
60 cl 8cq, 

Truo density of charge, 60 
Tubes of force, 37 


tJbcrgangswidersland, 133 
XJmladungastrom, 200 
Uniform raagnotiaation, 07 
Units, 144, 147, 244 
tuboa of force, 38 

Vector, flux of elGotroraagnotio 
onorgy, 14 
Volbnio oliaiu, 84 
contact potential, 76 
Volume divergonco, 27 

Wobor, Kohlvaiisoh and, 144 
Weston eoll, 148^ 

Whoatatono’a Bridge, 136 
Wirhclffci {irrotatioiial), 226 
Wirhctmomcnl, 227 
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